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Abstract-ThIs paper offers a qUIck review of the subject of "OptIC flow" m ItS conceptual and
computatIOnal aspects The theory IS evaluated m terms of possIble applicatIons m the neurophysIOlogy
and expenmental psychology of spatIal sensorymotor behavIOur and perceptIon The problem of whIch
kmd of detector IS SUIted to extract vanous aspects of optIc flow IS gIven specIal attentIon It IS shown
that the pOSSIbilitIes are actually much more vanous than IS reflected m the current (even the frankly
speculatIve) literature It IS argued that a system that IS sensItIve to the relatIve tIme changes of the
onentatlOn differences of Image detatls IS especIally SUIted for an analysIs of the OptIC flow wIth regard
to the mformatIon concermng the three dImensIOnal shape of objects such as IS contamed m the flow
Thus the onentatlOn sensItIve elements that are known to be abundantly present m the pnmary visual
cortex of many vertebrates are hereby Implicated as a qUIte likely substrate for the extractIOn of the solid
shape ofenvIronmental objects In our opmlOn this possIbIlity should be mvestIgated wIth the same ardour
as the usual mterpretatlOn, whIch holds thIs system responsible for the mltIal extractIon of the contours
of flat (I e defined m the Image) shapes A new, partIal solutIOn to the "structure from motIon problem"
IS offered, that not only covers the usual case of shape extractIOn m the presence of ngld motIons of the
object, but also the much wIder class of (non-ngld) bendmg deformatIOns (such as occur m the non-ngld
deformatIOns of mextenslble shells) These solutIOns vIOlate all condItIons requIred by the well known
"structure from motIon theorem" the solutIOns are possIble for pomt configuratIOns m whIch no fourtuple
of pomts moves as a ngld structure and for mput data from merely two vIews A numencal example
Illustrates how this algonthm can be used to predict side vIews of an object from very limIted mput data

OptIC flow MotIon parallax Solid shape RIgId motIon Non-ngld motIon Depth IllUSIOns

I. THE NOTION OF "OPTIC FLOW"

1 1 Hlstoneal

A clear understandmg of the fact that the
deformatIOn of the retmal Image due to ego
motion or the transposItion of objects m the
enVIronment IS not Just a nUIsance but actually
a nch source of mformation concermng the
world had already been reached by such SCI
entists as Hermann von Helmholtz (1910) and
Ernst Mach (1886) m the 19th century. How
ever, they dId not probe very deep into the
theory of the problem. ThIs IS surpnsmg in view
of the fact that nothmg else but Eucltdean
geometry IS needed to do the basic analysIs' all
the tools were there. Modern developments start
wIth James Gibson (1950) who, not bemg
tramed m mathematics, does not seem to have
had access to the tools needed for a basIc
analysIs but who dIsplayed the intUItive sense of
a real gemus for what IS Important about a
problem. Although he made qUIte a few sltps it
seems fau to say that he pomted out about
everythmg that seems worthwhIle to study m the
subject and that modern developments generally

follow in hIS footsteps (That IS apart from hIS
cunous notion of "dIrect perceptIOn". Ullman,
1980). Modern developments have been pre
dommantly inspIred by practical needs. Flow
field analysIs has been used m the study of the
control of movement of vanous vehicles m road
and au traffic (Gibson et al., 1958; Gordon,
1965; Kruk and Regan, 1983) and nowadays
developments come from AI and robotics
(Koendennk and van Doorn, 1975, 1976a, b,
1978, 1981, 1984; Ullman, 1979, Regan et al.,
1979; Prazdny, 1980; Longuet-Higgms and
Prazdny, 1981; Longuet-Higgms, 1981).

It may be useful to sketch Gibson's early
approach to the problem. As a perceptual psy
chologIst concerned wIth ergonomIC problems
he was highly mterested m depth perception m
the sense of how observers estImate theu pOSI
tion and orientation wIth respect to their enVI
ronment, how they estimate parameters needed
to plan a course through the envIronment, etc.
As such he was thoroughly famiitar wIth the
classical "depth cues", and in fact added one
hImself. the "texture gradIent" cue. (Gibson,
1950. Although the cue had been used by artists
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for centUrIes I'm not sure that It was considered
Important m sCience before Gibson made so
much of it.) Given a well defined "gram-Size" of
detail m the world (e.g pebbles of-at least
statistically-similar Size, pavement tiles,
grasses, bushes, etc.), It can be mferred from
simple optics that thiS IS translated mto a texture
m the retmal Image that IS not even but mstead
IS space varIant the retmal gram size dlmlmshes
with mcreasmg distance to the eye. In many
circumstances thiS can be a powerful cue
(Stevens, 1981). It IS a dangerous one, however
ega painter can easily fool us with pamted
texture gradients (Of course thiS IS equally true
for the other static depth cues.) On a pavement
on which the size of the tiles IS subtly modulated
with distance you can also fall prey to depth
"illusIOns". Such pOSSibilities have been ex
plOited by the late Renaissance artists with
effects that are still able to stun us ThiS IS
because the actual gram size enters m the retmal
Image the texture gradient does not depend
merely on slope and distance but also on the
nature of the objects m the world. Gibson saw
that thiS problem does not arIse with the motiOn
parallax gradients present m the spatlotemporal
deformations of the retmal Image that are en
tirely due to ego-motion. mdeed the motion
parallax depends only on slope and distance,
not at all on the nature of the objects "out
there". The objects (or rather their images)
merely serve as "tags" or "tokens" that enable
us to extract the optiC flow which carnes them
along. Thus the cue of motlOn-parallax-gradlent
offers objective informatIOn about the move
ment and the lay-out of the surroundmgs lfre
spectlve of the precise nature of the environ
ment. Moreover, the active observer (dUrIng
locomotIOn) actually controls the flow and thus
objectifies hiS mformatlOn m a sense that IS
ImpOSSible m the static case. a pamted texture
gradient leads to an optic flow that IS character
Istic for the plane canvas, not for the Imagmary
space suggested by the pamter. ThiS fact IS
exactly what makes optic flow mformation of
mterest to the robotics community. (Of course
we are not saymg that the Visual system will
always use the available mformation to full
advantage, m fact exceptIOns are known. But
thiS IS a case for psychophySICS, not for the
present theoretical exposItion)

1.2. Local vs global features of the flow

It IS useful to dlstmgUlsh from the start
between local and global features of the optic

flow Let me conSider some Important global
features first

One global feature that IS extremely common
concerns the flow mduced by a rotatIOn around
an aXIs through the vantage pomt Itself to a
good approximation (neglectmg the effect that
the first nodal pomt does not comclde with the
momentary center of rotatIOn of the eye) eye
movements fall mto thiS class It will be useful
to mtroduce the notIOn (due to Gibson) of the
"optic array" here the optic array IS the two
dimensIOnal mamfold of Visual dlfectlOns. Al
though there eXists no particular mathematical
reason to do so It IS often convement (for the
sake of diSCUSSIOn, or as an aid to mtUltlOn, etc)
to think of the optic array as a sphere centered
around the vantage pomt (You may conSider
such a sphere to be just a parametrIzation of the
optic array, provldmg us With spherIcal coordi
nates No actual projection IS Implied here.
Thus the remark that the optiC array IS an
approximation because the eye-lens IS on the
surface of "the" sphere completely misses the
point.) Then rotations around an aXIs through
the vantage pomt mduce rIgid rotatIOns of the
OptiC array. ThiS IS an optic flow that depends
only on the movement and not at all on the
spatial lay-out of the environment Thus you
can't gam depth mformatlOn from the flow by
makmg eye movements

Another important global feature IS mduced
through a translatIOn of the vantage pomt The
pattern of streamlines mduced by a pure trans
lation (movement along a straight line) does not
depend on the structure of the environment
either, but only on the movement. This pattern
consists of a famIly of longitude circles on the
OptiC array the flow IS from one pole along the
longitude Circles to the other one. (The poles are
commonly known as vamshmg pomts.) A few
precautIOns are necessary. First of all It IS
strIctly wrong to speak of the pattern of stream
lines. As m hydrodynamiCs we dlstmguish
streamlmes [which are the orbits traced out by
"materIal" pomts (or tokens)], streaklmes
[which are the orbits of materIal pomts that
once occupied a given place (e.g. the smoke
plume of a chimney IS the standard hydro
dynamical example)], and fieldlmes (which are
the mtegral curves of the momentaneous veloc
ity field, I.e. at all pomts the velocity vector IS
tangent to the fieldlines) In the general dynamiC
case all these curves are different and the global
feature conSidered here applies only to the
fieldlines of the optic flow The "OptiC flows"
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whIch are commonly depIcted by comic book
artIsts generally appear to be Inspired on stream
and streak hnes, thus the observatIOn does not
apply to them Another fact that needs to be
pOInted out IS that the value of the velocIty
along the fieldhnes IS not part of thIs global
feature It may vary irregularly from POInt to
POInt and It does depend on the spatIal lay-out
of the envlfonment whereas the pattern of
fieldhnes does not

A thIrd global feature that IS of recurnng
Importance IS somewhat more comphcated. It
depends on the fact that the environment IS
largely composed of three-dimensional bodIes
of whIch only the generally smooth (on the
levels of resolutIOn considered here) surfaces can
ImprInt themselves on the optic flow (At least
for the case of OptICS such a statement IS an apt
descnptlOn of the natural world because most
objects tend to be opaque.) Now smooth sur
faces Induce smooth flows, thus the optic flow
WIll consIst of pIece-wIse smooth regIOns. At the
boundanes of such regIOns we must generally
expect dIscontInUItIes Within the regIOns the
flow IS smoothly varyIng, but generally not
constant. It vanes from place to place

Local features are of two types' the first IS the
average flow velocIty at that locality. The sec
ond IS the structure of the local vanation of
velocIty In the ImmedIate neighbourhood of the
locahty, It is also known as the motion parallax
field MotIon parallax is Important because It
does not suppose an absolute dlfection as refer
ence Local vanations lead to deformatIon of
Image detaIl. e.g. a small square drawn on the
optIc array and subjected to the flow transforms
Into a parallellogram, etc. The mathematIcal
analysIs SUIted to describe the motIon parallax
IS deformatIOn analysis. The basic results are
SImple enough (Koenderink and van Doorn,
1975)

Any small deformatIOn (and the deformatIOn
can be made as small as you please by regarding
very small patches of the optic array and/or
regardIng only short tIme spans durIng which
the patch IS subjected to the flow) leads to
a hnear (affine) transformation of the patch
that can be decomposed Into four basic
components [these components are themselves
transformatIOns-albeit of a simple kInd-and
can be added agaIn (the order is immatenal) to
regain the origInal complIcated transformation].

*Such an essentially arbitrary chOice serves to make the
mathematical analySIS much more conCise and clear

a translatIOn (whIch does not deform at all!), an
isotropic expansIOn or contractIon ("homo
thety" whIch stnctly speakIng also does not
deform the visual field locally, but merely Im
poses a scalIng factor), a rzgld rotatIOn (whIch IS
of course a local Isometry, and thus also does
not Impose a true deformatIOn) and a pure shear
(a contractIOn m one and an expansIOn In the
orthogonal dIrectIOn, such that area IS con
served). The latter three wIll be referred to as the
dlV, curl and def components. These are
"dIfferentIal Invanants" of the flow' they do not
depend on the chOIce of the coordmate system,
whIch at once explams theIr potentIal Im
portance for orgamc systems. The dlV IS a
number that specifies the relatIve tIme change of
apparent area (solId angle) of a pIece of the
optIc array, the curl IS a number that specifies
the rate of rotatIon, and the def can be speCIfied
WIth a number (the degree of shear always
positive) and an onentatIon (the aXIs of con
tractIOn say)

The gradIents of the dlV, curl and def are the
entItIes that are of pnme Interest as "cues"
Before I dIscuss them we have to speCIfy how the
dIfferentIal Invanants depend on the spatIal
structure of the envlfonment and on the param
eters descnbIng the motIon. In other words we
have to introduce dynamics as opposed to the
pure kinematics described in thIS sectIOn

1.3. Dynamics of the optiC flow

1.3.1. The movement parameters. It should be
obvIOUS that only the relatIve movement of
observer and envlfonment matters as far as
optIc flow IS concerned. In the case that we are
concerned WIth a genenc local patch of the optIc
array-for whIch we may expect a smooth
flow-we may as well attnbute the relatIve
movement to the observer*. ThIS relatIve move
ment may be descnbed m vanous ways. How
ever, one method IS especIally convenient In the
treatment of OptIC flow' to SImplify our problem
we may invoke Chasles' theorem (WhIttaker,
1904) which states that each movement can be
decomposed mto a translatIOn and a rotation
around an aXIs through a prescnbed point m a
umque manner. Let the (mstantaneous) rotatIOn
aXIs be through the vantage POInt. Then the
effect of the rotatIOn IS a tnvlal ngld rotatIon of
the OptIC array (whIch carnes no exterospeclfic
InformatIOn at all') and the only nontrlVlal
component left is the translation. Let the trans
latIOnal velocIty be denoted V, the rotatIOnal
velocity R. Let the surface patch we are mter-
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ested m be at a dIrectIOn r (UnIt vector m space,
or pomt of the optIc array) Then It makes sense
to decompose the vectors V and R mto radzal
components (V" Rr ), whIch are the components
m the dIrectIOn of r and transverse components
(V" R,), whIch are the components perpendIc
ular to r Vr and Rr may be treated as scalar
fields on the optIC array, V, and R, as "tangent
vectors" (TwodlmenslOnal vectors defined on
the manIfold of vIsual dIrectIOns because we
know that the radIal components of V, and R,
vanIshes IdentIcally (by definItIOn) thIS IS possi
ble) Even better, we may mtroduce the dIstance
to the patch (d) and define the "specIfic radIal
velocIty" Ar= Vr/d and the "specIfic transverse
velocIty" A, = V,/d these entItIes have the dI
mensIOn (tIme)-1 Just as R" R, have In this way
all spatIal UnIts are excluded from the very
begmnmg ThIS IS both convenIent and Im
portant because It IS a prIOri clear that all flow
field quantItItes WIll have to be expressed m
terms of A" A" R, and Rr [Because only
quantItIes of the dImensIon of (tIme) are avaIl
able m the flow, It makes sense to express
everythmg m terms of quantIties of thIS
dImensIOn.]

These quantItIes have an obvIOUS mtUItIve
content· Rr IS a rotatIOn around the lme of SIght,
R, descrIbes a "pan" or "tIlt" of the eye. A r has
an mterestmg mterpretatlOn. It IS the recIprocal
of the tIme needed to reach the patch at dIstance
d WIth the radIal velOCIty Vr Thus It may well
be called "ImmedIacy", or nearness m tIme It IS
often known as the mverse of the "tIme to
collIsIOn" (Lee, 1976, 1980), although thIS
strIctly only applIes for the case that the trans
verse component vanIshes The quantIty A, can
be mterpreted as an "apparent rotatIOn" It
measures the local and mstantaneous rate of
turn m the optIc array due to translatIOn.

1 3.2. The parameters specifymg surface lay
out A surface patch may be descrIbed (relatIve
to the vantage pomt) WIth mcreasmg accuracy
m the followmg manner

• its distance (d) IS specified (Oth order
descrIptIOn),

• ltS OrIentatIOn IS specIfied (l st order
descrIptIOn the tangent plane IS thereby
specIfied) (Stevens, 1983a, b);

• ItS curvatures are specified (2nd order
descriptIOn, e g convexity or concavIty
IS determmed now),

• and so one can go on, addmg term after
term. [TechnIcally speakmg thIS IS
merely a Taylor expansIOn of the dls-

tance (or eqUIvalently the nearness)
around a gIven vIsual dIrectIOn]

The dIfferentIal mvarIants dlv, curl and def can
be specIfied III terms of 1st order descriptIOn
For their gradIents the 2nd order terms are
necessary. Thus I concentrate here on the 1st
order terms (Oth order term bemg trIVIal)

The OrIentatIOn of the patch has a vector
character It has a magnItude (or slant) as well
as a dIrectIOn (or trlt) For mstance, one may
use the angle between the Illward normal to the
patch and the vIsual dIrectIon as a measure of
the slant, whereas the dIrectIOn of mcreasmg
dIstance specifies the tIlt, which may be treated
convenIently as a tangent vector m the optIc
array A SImIlar result IS obtamed by consid
erIng the tangent vector F = grad log (do/d) the
gradIent of the reciprocal dIstance (or nearness)
as measured III the optIc array. The constant do
has no mfluence on the result and shows the
basIc fact of scale mdependence of OrIentatIOn
espeCially well. The magnItude of F measures
the tangent of the slant (vanIshes for pure
"frontal" VIew, IS mfinIte for pure "SIde" view
of the patch), whereas ItS directIOn IS III the
directIon offastest mcrease of the nearness (thus
speclfymg tIlt) ThIS representatIOn IS most con
venIent m practIce

1.3.3. The differentIal mvarlants expressed m
the basIc parameters ofmotIOn and surface pOSI
tIOn and orientatIOn After the basIc definItions
of the prevIOus sectIons It IS a SImple matter to
descrIbe the local flow field m terms of the basIc
parameters. FIrst of all the local average trans
latIOn IS

t= -A,-R,.

In this formula - A, measures the classIcal
dIsparIty mduced by a movement, whereas - R,
describes the shift due to a refixatlOn (shift of
fixatIon pomt). It IS clear that for any movement
we may choose to annul t WIth a SUItable
smooth eye-movement (merely choose R, =
- A,), but this can only work locally (because A,
depends on distance) It may be useful III prac
tice because a hIgh modulus of the translatIon
may lead to blur (WhItesIde and Samuel, 1970).

The Ist order differentIal mvarIants depend
also on the transverse components. For instance
the def equals the product of the modulI of F
and A" whereas the aXIs of contractIOn IS the
bIsectrIx ofF and A, Thus the deformatIOn does
not depend on the radIal components at all' This
WIll prove to have Important practIcal con
sequences (VIde mfra) The dlv and curl both
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show two terms, one due to the radial and one
due to the tranverse components of the move
ment I shall discuss these separately

A translation towards a surface patch obvI
ously leads to an expansIOn of ItS Image (a
posItive dlV), whereas the reverse movement
leads to a contractIOn (a negative dlV) Thus we
obtam a term 2A, m the dlV.

Similar a rotation m clockwise direction
around the line of sight leads to a reverse
rotatIOn of the Image, leadmg to a term - 2R,
m the curl

The transverse components lead to less trivial
results. The contnbutlOns to dlv and curl de
pend on the relative onentations ofF and At, for
mstance the contnbutlOn to the dlv vanishes If
F and At are perpendicular, whereas the con
tnbutlOn to the curl vanishes if they are of the
same directIOn This IS most conveniently ex
pressed m terms of the two products

• F' AI ("dot" product, or "mner" prod
uct), WhICh equals the product of the
moduli of F and AI times the cosme of
the angle between them,

• F x AI ("cross" product, or "outer"
product), WhICh equals the product of
the moduli of F and At tImes the sme of
the angle between them reckoned in the
clockwise sense from F to AI'

The complete formulae are'

div = - F' At + 2A,

curl = - F X AI - 2R,

def=FA I

axis of contractIOn bIsects F and At.

A formal denvatlOn may be found m
Koendennk and van Doorn (1975), but the
mtUItive content of the equatIOns IS so clear
as to make the denvatIOn almost superfluous
(Figs I and 2). The basIc facts can be nicely
demonstrated with a "gauge figure" that allows
one to estimate the nature of the deformatIOns
easily. In one example I use a square checker
board pattern for thIS purpose [Fig. 1(a)].

Panning or tiltmg the camera results m a
translatIOn (no deformatIOn) of the Image
[FIgure l(d) shows the result of a "pan".] A
sImilar result IS obtamed when the camera is
moved Sideways or up and down because the
gauge figure IS the Image of a patch that is
perpendIcular to the optical axis the dot
product F' AI vanishes A rotatIOn of the camera

around the optical aXIS results in a ngid rotatIOn
of the image [FIg 1(c)] ThIS Illustrates the term
2R, m the curl equatIOn. A movement of the
camera along the optical aXIs results m a mere
size change. [FIgure l(b) shows a movement
towards the object.] ThIS illustrates the term 2A,
m the diV equatIOn.

The prevIOus results were so tnvial because
the surface patch was not slanted. I now mtro
duce a slant, but m such a devIOus manner that
we still have a useful gauge figure m the Image
[FIg. 2(a, b)]. The method IS sImple I use not a
checkerboard pattern, but a predeformed one.
This pattern looks like a trapezoId wIth unequal
checks when seen In the frontal VIew [FIg. 2(a)]
However, when this object IS rotated over 45°
around the vertical aXIS It looks like a square
checkerboard pattern [FIg 2(b)] (at least when
the dIstance is nght) It IS still possIble to detect
the tnck m the Image' note that one of the hands
of the person holdmg the object IS imaged much
larger than the other one Of course thIS IS the
side that IS turned towards the camera Thus the
nearness increases from nght to left In the
image, the vector F IS dIrected honzontally
towards the left

WIth thIS set-up It is easy to demonstrate the
effect of the remammg terms. We take care to
move the camera in such a way that all radial
components of the movement vanish. Panning
and tilting are used to keep the gauge figure
withm the field of VIew: they have no Influence
on the deformatIOns anyway.

First note what happens when the camera IS
moved towards the left [Fig. 2(c), the trans
formations in the image of the assistant allow
one to spot the type of camera movement
eaSIly.] In that case the vectors AI and F both
point towards the left, thus theIr bisectnx IS
honzontal. Hence the aXIS of contraction should
be honzontal. Note that this proves to be the
actual outcome. Moreover, the curl should van
Ish (the cross product IS zero) which also IS
eVident from the result, and the dIvergence
should be negative Indeed the area of the gauge
figure in the image has decreased. In a sImilar
way a movement to the right results m an At
vector to the right and an F vector to the left,
thus a bisectrix in the vertical dIrectIOn. Then
the contractIOn IS along the vertical, the dIV
ergence posItive (net area mcrease) whereas the
curl agam vanishes Some reflectIOn makes these
results appear almost tnvIaI For a movement
towards the nght the object IS seen In a more
frontal view, for a movement towards the left In



166 JAN J KOENDERINK

a less frontal view. This at once explams the
phenomena, the content of the basIc formulae
Just sums up the geometry 10 an especially
orderly and useful manner

Fmally note the result of a camera movement
10 the upward directIOn [Fig. 2(d)]. Because A,
pomts upwards and F towards the left, the aXIs
ofcontraction should be 10 the oblique dIrectIOn
(45 0 with the vertical) from the lower-nght to
the upper-left The expenment yields exactly
this result The square gauge figure has become
a parallellogram with the same vertical sides as
the ongmal square thus area IS conserved,
hence the divergence v'amshes. (This figures with
the formula because the dot product vamshes )
There IS a net rotatIOn though because the cross
product does not vamsh, but IS positive thus
there IS a counterclockwise rotatIOn associated
with this motion. This IS noticeable because the
vertical sides of the gauge figure have remamed
vertical whereas a pure shear would have turned
them clockwise thus there must be an addi
tIOnal counterclockwise rotatiOn.

The basIc set of equatIOns captures all these
cases (and 10 fact any combmatlOn of them). It
sums up the geometry 10 an especially con
vement fashIOn

J.3.4. Which kmd ofmechamsms are needed to
extract the flow parameters? I don't want to go
mto too much detail here, especIally I want to
aVOId discussIOn concermng such moot Issues as
"the correspondence problem", or "the aperture
problem". Let us then assume that local veloci
tIes can be measured 10 some way or other and
that Image features can be compared with re
spect to SIze, posItion, and orientation, both
simultaneously and successIvely. Granted such
possIbilities (WhICh themselves appear to pose
formidable research problems!) how can the
flow parameters be denved?

The answer must differ for the global and the
local entities

A measure of global rotatIOn can be obtained
by calculatIOn of the total moment of the VelOCI
ties 10 the optic array around three mutually
perpendicular axes. This boils down to three
weighted mtegratlOns. ImplementatIOn of such
mechamsms seems simple and could easily be
Imagmed to eXist 10 physIOlogically acceptable
"wetware", this would at once provide you with
an estimate of R. Such mechamsms appear to
have been demonstrated electrophysiologlcally
(Simpson et al., 1981).

*That IS the sources and the smks of the fiowfield

A measure of global translatIOn IS more
difficult to obtam because the velocity 10 the
optic array IOduced by a movement depends on
distance It IS possible to denve estimates of the
vamshmg POlOtS* from the dIrectIOns, however
(Perhaps makmg sUitable use of the magmtudes
to set weights) The problem can be shown to be
eqUivalent to that of findmg the "best common
pomt" of a set of straight lines 10 the plane It
IS the same problem as that which was solved by
the astronomers 10 the prevIOus century 10 order
to denve the proper motion of the sun among
the stars of which the parallactic motIOns had
been measured Possible mdlcatlOns for the
presence of such mechamsms 10 orgamc VISIOn
have been reported (Berthoz et al., 1975,
Cynader and Regan, 1978; Regan et al., 1979,
1983) Once you have found the vamshmg
pomts, you have found the directIOn of the
translatIOn The magmtude cannot be extracted
without pnor knowledge of distances. If the (10

many cases qUite reasonable) hypothesIs that
the world is on the average at rest IS ventured,
then you are 10 a positIOn to extract the relatwe
acceleratIOn from the flow. (The linear acceler
atIOn dlVlded by the llOear velocity.) This pOSSI
bility has to the best of my knowledge never
been explored.

It IS often possible to obtam an estimate of A,
locally This IS the case because the mfluence of
rotatIOn does not depend on distance at all
Thus at an object boundary (when you are apt
to find a depth transient) the transient 10 the
optic flow must be due to the difference 10 A,
alone There are other POSsibilities for a curved
surface patch It IS possIble to find A, from the
gradients of the dlv and curl for IOstance
(Koendennk and van Doorn, 1975).

The extractIOn of differential invariants can
take place 10 a multitude of ways. The pOSSI
bility stressed most often (Koendennk and van
Doorn, 1975, 1978, Longuet-HlgglOs and
Prazdny, 1980) utilizes local velocity measure
ments. Indeed, the differential mvanants can
easily be expressed 10 terms of partial denva
tives of the components of the velocity 10 some
convenient coordinate system. Usmg a discrete
approximatIOn to the denvative at once yields a
possible ImplementatIOn for the dlV, def and
curl (Koendennk and van Doorn, 1978) This IS
so obvIOus that this POSSibility should not tempt
us to disregard other possibilities' For IOstance,
there eXist IOtegral theorems which express the
average value of the differentIal IOvanants 10

terms of mtegrals of the velocity around the



(a) (b)

(c) (d)
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FIg 1 A qUIck demonstratIOn of the practIcal consequences of camera (or eye') movements for the
deformatIons of the Image The gauge figure m thIs case IS a plane, square, checkered board It IS held
perpendIcular to the camera aXIs by the assIstant (a) A pure frontal vIew The camera aXIs pIerces the
center of the object Compare all other pIctures to thIs fiducIal Image (b) A camera translation along the
camera aXIs towards the object Result a homogeneous expansIon of the gauge figure, thus posItive dlV,
vamshmg curl and def components (c) A camera rotation around the camera aXIs Result a counter
rotatIon of the Image, thus a curl, and vamshmg dlv and def components (d) A translatIon of the camera
to the nght The result of thIs motion IS the same as that of a camera rotation around a vertical aXIs to
the nght and m fact can be cancelled by such a rotatlOl\ All dIfferential mvanants vamsh the result IS

a pure translation m the (local) OptIC array
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(a)

(c)

(b)

(d)

FIg 2 In thIs figure the results due to basIc camera movements m the case of a surface element that IS
slanted wIth respect to the camera aXIs are demonstrated Camera rotations around the nodal pomt
(pannmg and tlltmg) are freely used to keep the gauge figure m the Image frame these have no
consequences for the dIfferential mvanants anyway In thIs case I dlstmgUlsh between the object m the
hands of the assIstant (whIch IS a predefonned "square" of trapezOIdal shape) and the gauge figure m
the VIsual field (IwhIch happens to look square because of the cunous shape of the object and the specIfic
slant and tl1t that IS bemg apphed to It) TIus makes the gauge figure an easy target for companson (a)
A frontal VIew of the object the assIstant holds It plane perpendIcular to the camera aXIs (b) The object
held m ItS mtended posItIon It now looks "square" It IS obVIOUS from the photograph that the left hand
of the assIstant IS more dIstant than the nght one In fact the object was turned over 45° around a vertical
axIS The nearness gradIent (on the photograph') pomts to the left (c) The effect of a translation of the
camera towards the left The blsectnx of the nearness gradIent and the movement IS honzontal, as IS the
aXIs of contractIOn Not~ that the area of the Image of the gauge figure IS decreased (compare c, d to bl ),

whereas there IS no apprecIable rotatIOn (d) The camera was translated upwards (look at the hands to
venfy thIS) The blsectnx of movement and nearness gradIent now runs from the upper left to the lower
nght of the photograph (45° slant) as does the aXIs of contraction Note that the area of the gauge figure
has not changed, but that there IS a defimte rotatIOn as a consequence to thIS movement You should figure
out for yourself what the effect of opposIte movements IS [Answer movement to the nght aXIs of
contractIon vertical, expanSIOn, no curl, movement downwards aXIS of contractIOn from lower left to

upper nght (under 45°), no area change, defimte curl]
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boundary of regIOns Such theorems suggest
other possibilIties, and 10 fact they often provide
the basIs for estimates of the differential invan
ants of vanous physical fields 10 engmeenng
settmgs Such methods are especially mce when
smgulanties can occur, because they deal only
with averages, not with pomt properties. Still
other possibilIties are suggested by general con
servatIOn laws. For mstance, temporal texture
density changes must be due to local divergence
and this IS expressed 10 an "equation of con
tmUlty". Thus momtormg texture density
changes can yield estimates of the div.

There eXists one possible method to obtam
the shear component that seems especially
sUited for ImplementatIOn 10 a physIOlogical
settmg (VIde mfra) This method employs the
changes 10 the onentatlOns of textures elements.
It IS best Illustrated with a few examples (Figs
3 and 4) ThIS time I use a spoked wheel as a
gauge figure Note what happens wIth It when

we subject It to vanous transformatIOns (Fig 3)
A pure divergence Just magmfies the gauge
figure, thus It does not change the orientatIOns
of the spokes. Hence If you momtor onentatlOns
you automatically dIscard the diV component. A
pure curl changes the onentatlOns of all spokes
by the same amount Thus the angles between
two spokes are left mvanant by the curl Hence
if we monitor onentatlOn dIfferences we auto
matically dIscard the curl component too A
pure deformatIOn also changes onentation
dIfferences, although It does not change the
average onentatlOn One easIly shows that rela
tive onentatlOn difference changes (the change
10 the angle subtended by two succeSSIve spokes
divIded by this angle) umquely specify the shear,
both as far as magmtude and as far as onen
tatlOn are concerned. FIgures 3 and 4 show thIS
10 detail One of the msets of Fig. 3 Illustrates
a general deformation (fimte values for dIV, curl
and def) Iti Fig 4 (upper graph) the angular

PURE DIVERGENCE

(a)

PURE CURL

(b)

PURE DEFORMATION
(c)

GENERAL AFFINE TRANSFORMATION

(dlvergence,curl and deformatIon)

(d)

Fig 3 The changes In a sImple gauge figure (spoked wheel) due to sImple optic flow fields, namely a pure
dIvergence, a pure curl and a pure shear The final Inset shows the result of a combinatIOn Note especIally
In all figures -the area change (showing the effect of the dIV), -the net rotatIOn (showing the effect of
Ihe curl, It can be estimated from the OrIentatIOn of the single prolonged spoke. which gives a reference
The net rotatIOn IS the average OrIentation change over all spokes), -the change In Ihe angle between

successive spokes as a functIon of OrIentatIOn (this feature IS due to the def)
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FIg 4 ThIS graph shows results for the general affine deformatIon depIcted In the prevIous figure Upper
graph the angular change of a spoke as a functIOn of ItS onentatIon Note the dc-shIft due to the curl,
and the a c -npple due to the def Lower graph the dIfference of the angles between succeSSIve spokes
dIvIded by theIr sum IS plotted as a functIOn of onentatton This result IS completely Independent of dIV
and curl and depends merely on the def component The amplitude IS proportIOnal to the magmtude of

the def, the phase defines the onentatIOn of the aXIs of contractIOn

change of a spoke IS plotted agamst onentatlon
for thiS deformatIOn. The "d c -component" IS
due to the curl, the modulatIOn to the def. All
dlv mformatlOn IS suppressed. In Fig 4 (lower
graph) I plot relative angular difference change
as a functIOn of onentatlon. Note that the
d c.-component has disappeared. thiS graph
depends only on the shear component. The
amphtude of the curve specifies the strength of
the shear, the zeros (or extrema) speCify its
directIOn

The pomt to keep m mmd IS that there IS no
need whatsoever to base the analysis of optiC
flow on velocity measurements' many alterna
tive Implementations (several with better nOise
Immunity) eXist ThiS fact IS generally Ignored 10

the hterature.

1.4. InformatIOn contamed m optiC flows

The optic flow contams informatIOn of van
ous kmds. In order to put some structure on the

diSCUSSIOn I shall distmgUlsh the followmg
types'

• proprioceptive (10 a purely Visual
sense') informatIOn about ego-motIOn;
both rotational and translational move
ments;

• information that IS useful to sustam
egocentnc orientation and localizatIOn,

• mformation concerning the segmenta
tIOn of the Visual field into coherent
entities and of the visual world mto
coherent (i e suffering "common fate")
objects. Thus the optiC flow sustams
segmentation, as well as aggregation
(both "sphttmg" and "merging" 10 the
usual Jargon of computer science);

• exteroceptive mformatlOn concerning
the spatial structure of the surround
ings, mcludmg relative motion of
objects and nonngld deformations

In the hterature these Items have received very
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unequal attention, moreover discussIOns have
been paralyzed or directed very one-sidedly
because of preoccupations with the so called
"rigidity hypothesIs", or with exact solutions of
the "structure from motion problem" (which IS
usually formulated 10 terms of of mmlmum
reqUirements in such a way as to exclude useful
alternative routes from the outset). In the sequel
I will discuss these concepts, then discuss the
four pomts, two of them at the hand of an
example.

1.4 1. The nature of vanous assumptIOns and
apprOXimations and the value ofpartial solutIOns.
In the theoretical treatment of the mterpretation
of optic flow one generally mvokes several
assumptions, some of them exphcltly, others
silently, but all of them equally essential Some
of them are:

• contmuous velocity fields are due to
smooth surfaces 10 motion;

• changes 10 the flow are due to smooth
transformatIOns in 3-space

One usually mvokes'
either'

• the "ngldlty hypothesis". the smooth
transformations are actually Euchdean
Isometnes, I e. they conserve mutual
distances globally (Koenderink and van
Doorn, 1975, 1976a, b, 1978, 1981;
Ullman, 1979; Longuet-Hlggms and
Prazdny, 1980; Longuet-Hlggins, 1981),

or:

• the "local ngidity hypothesIs". the
smooth transformations are actually
Euchdean bendmgs, I e they conserve
mutual distances measured along the
surface, but not necessarily globally
throughout space (this paper);

or.

• the "pieceWise ngldity hypothesIs"
pieces of the object move as ngid
objects, the tranSitIOn parts that glue
them together may suffer arbitrary
deformatIOns 10 3-space, e g both
bendings and stretchmgs these are then
Ignored (Hoffman and Fhnchbaugh,
1982; Todd, 1982),

• when a velocity field does stop abruptly
at a boundary, then the object 10

3-space IS bemg occluded, If the field
ends 10 a graceful manner It IS Itself the
occluder

The first assumptIOn appears to be absolutely
necessary and has to be rehed on bhndly Some
form of ngldlty constramt IS also necessary,
although the strongest versIOn can certamly be
relaxed as will be shown later in an example
The piecewise ngidlty assumptIOn IS the one
usually employed by draftsmen of e g the
human torso.

Although the simple ngldlty assumptIOn
appears to be a strong one, It IS actually qUite
reasonable 10 many circumstances (Mach,
1886). Whenever the movements of the observer
can be considered fast on the time scale of
typical environmental changes, then the whole
environment can be regarded as one huge ngld
body This IS very common and must have
helped in shapmg the visual system throughout
orgamc evolutIOn The fact that an optical
stimulatIOn with vIOlently deform109 Images can
mduce a strong ImpreSSIOn of ngldlty 10 space
never falls to amaze us, the result is extremely
powerful (Metzger, 1934, Braunstem, 1962)
In case the observer entertams mvahd pnor
hypotheses the apparent vIOlent and lawful de
formatIOns of objectively ngld objects IS equally
striking (Mach, 1886; Rosenberg, 1924)

The class of bendmg deformatIOns appears to
be the largest one for which useful solutIOns of
the "structure from motion problem" may be
obtamed. TransformatIOns mcludmg stretchmgs
are obvIOusly too general for mstance the optic
flow on the face of a T V -tube mcludes stretch
lOgS We often perceive apparent 3-D shapes on
TV, yet objectively considered the trans
formatIOns should yield only the flat CRT tube
as a solution' but these are certamly not evoked
by this flow' The typical formulatIOn of the
"structure from motion theorem" (Ullman,
1979) excludes the case of bendlOgs It states
that It takes at least three views of at least four
polOtS (10 general pOSItion) 10 order to compute
the 3-D configuratIOn Yet I will show 10 the
sequel that It IS possible to find configuratIOns
of (say) seven pomts, no four of which move
together 10 a rigid fashIOn, for which useful
partial solutIOns can be obtamed from only two
views.

This bnngs me to the Issue of the relative
value of partial versus "complete" solutIOns. I
intend to treat this matter 10 a pragmatic fash
IOn 10 any specific case one should use the
method that leads most easily to the actually
reqUired result In many cases a partial solutIOn
IS all we need and a qUick partial solutIOn is to
be preferred over a cumbersome complete one
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WhICh also yIelds data that are go1Og to be
Ignored anyway This IS especially true if a
complete solutIOn can be obtained sImply from
the results of repeated partial ones, which often
proves to be the case If one IS concerned wIth
models for VISIOn, one should also consider the
pOSSIbIlIty that thIS system does not compute
complete solutions at all, but instead a number
of qUIck and robust partial ones 10 sequence,
depend10g on the present need. I'll return to this
pomt later on.

1.4.2. ProprlOceptwe informatlOn about ego
movements. Inertial gUIdance systems measure
second order denvatIves of posItion with respect
to time, thus they need a twofold 1OtegratIon 10
order to yield posItional 1OformatIOn. ThIS IS
satisfactory as long as the accuracy is hIgh.
However, errors are sure to accumulate over
time. Such systems are effective 10 a techmcal
sett10g (e g. aircraft, submarines) but appear less
SUItable solutIOns 10 orgamc systems.

In contradlst1OctIon the flow field yields first
order denvatives, and If landmarks are used the
optical data even yIeld pOSItional 1OformatIOn
dIrectly Thus optic flow structure IS a very
Important data channel 10 propnoceptIOn, es
peCIally when maneuvers extend over larger
time penods (WhICh explams why e.g. the cruise
mIssIle makes use of It for preCIse naVIgation
near the end of ItS flIght to locate ItS target or
dunng dodg1Og tactics). That optical informa
tion often supersedes vestibular 10put 10 the
human agent has been convincingly shown
several times (Lee and Aronson, 1974). When
you try to walk through a long corndor WIth
your eyes closed without hltt10g the walls
the pomt WIll certamly Impress Itself on you
pamfully.

As has been remarked before It IS a SImple
matter to denve optIcal 1OformatIOn about rota
tIOn from the flow. It IS also SImple to obtam It
10 the same "format" as the 1OformatIOn from
the semICIrcular channels (three orthogonal
CarteSIan components). Such mechamsms actu
ally eXIst 10 vertebrates (SImpson et al., 1981).

ThiS IS much less clear WIth regard to the
translatIOnal movements, however. It IS not
hard to deVIse a method of extract10g trans
lation from the flow that could complement the
Signals from the otolith organs As has been
mentIOned before such methods have been used
by astronomers for decades. However, a phys
IOlogIcally plaUSible ImplementatIOn appears
dIfficult to construct (although most of the
calculatIOn Implies merely the computation of

weIghted sums over space) In some cases the
problem IS much easier to handle: a pnme
example IS the case of locomotIOn with respect
to a plane (e.g. the floor). The example IS a
particularly important and InterestIng one and
WIll be treated In a later sectIOn

1.4.3. Mergmg and splzttmg. Since "common
fate" IS one of the most compelling laws of
VIsual Gestalt (Koehler, 1947), It stands to
reason that the mere continUIty of optic flow In
some regIOn of the VIsual field leads to an
apparent "mergIng". that regIOn stands out as
a single coherent entity, even In the presence of
some conflIctIng eVIdence from the statIC Image.
The merged regIOn need not appear as an object,
e.g. In the case of an eye-movement the whole
VIsual field appears as a Gestalt. 10 thIS case one
that can be discounted as a pOSSIble object "out
there".

Common fate conflicts, at the boundary of
Visual objects, have a very strong splItt10g effect
Even In random nOIse fields very sharp and
VIVId apparent boundanes appear the moment
two patches move relative to each other (Rogers
and Graham, 1979). ThIS IS the more stnkIng
since In such CIrcumstances the static Image IS
featureless (although textured) In thIS case.

Mechamsms to detect such boundanes can be
of a relatively SImple nature Nakayama and
Loomis (1974) proposed some likely candIdates

1.4.4. Extero - and proprlOceptlOn for the
movmg observer relatwe to a plane surface In thiS
paper I treat two examples at some length, a
global problem, namely that of the plane In
WhICh the avaIlable 1OformatIOn IS useful for
both extero- and proprIOCeptIOn, and a local
one, namely that of shape perceptIOn 10 the
presence of bendIng movements ThIS sectIOn
treats the former problem

The case of the mov1Og observer 10 the pres
ence of a plane surface IS a very Important
practical case and many SCIentists have worked
on the problem. ApplicatIOns abound 10 aVI
atIOn, traffic and ambulatory movements of
ammals In many natural and artifiCIal environ
ments.

In order to get a feel for the phenomena I
offer a few numencal examples In these exam
ples I show graphIcally how the flow deforms
the visual field. The Image of a plane fills at most
one half of the optic array, and for reasons of
clear expOSItIOn It IS 10deed necessary to show a
hemIsphere ThIS can be done by the standard
methods of cartography many prOjectIOns
project the northern hemIsphere (or even more)
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of the globe on a smgle flat map. One type of
prOjectIOn IS especially convelllent because it IS
conformal ThIS means that a small figure on the
opttc array IS mapped on a sImIlar figure on the
plane map' thus the deformatIOns of a gauge
figure may be judged especially easily ThIS type
of projectIOn IS the stereographlc one In FIg.
5(a) I show a hemIsphere of the opttc array in
stereographIc projectton, such that the cuc1e
boundmg the figure comcldes WIth the honzon
of the plane On thIS prOjectIOn I have drawn a
square checkerboard pattern. Note that thIS
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does not correspond to an even pattern on the
(object) plane! There the checks would be de
formed just as the checks pamted on the object
shown m Fig. 2(a). This very fact makes the
checks excellently sUIted as gauge figures

Now consIder the results of some opttcal
flows. Perhaps the SImplest case (certamly the
one most easIly understood mtUltively) IS that of
a movement towards the plane (thIS happens
e.g when you walk towards a door m a wall).
The flow IS shown m FIg 5(b) As was to be
expected the checks m the center just blow up

(b)

(d)

Fig 5 The optIcal deformatIOns due to a tr,mslatlOn WIlh respeCl to a plane surface (An added rotatIon
would merely shift or rotate these figures) The circular circumference IS the Image of the honzon of the
plane (a) A square gnd has been supenmposed on the Image [ThIS IS the same tnck as Illustrated In Fig
2(a. b) I A square gauge figure has been dehneated. much hke the one used In the sequences Illustrated
In FIgs I and 2 (b) A movement perpendicular towards the plane (c) A movement In the opposIte
directIon of (b) (d) A translatIon parallel to the plane, towards the nght In all cases study the
deformatIons of the gauge figure at dIfferent poslttons and compare With the sequences shown In Fig 2
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(you get closer to them) wIthout any rotatIOn or
deformatIOn (after all the nearness gradIent
vanishes) Perhaps more surpnsmg is the fact
that towards the honzon the area of the checks
actually shrmks (although you do get closer to
them) and that a strong shear appears The
shnnkage IS due to the fact that you get to VIew
remote parts of the plane more obhquely as you
approach the plane These results follow Imme
diately from our formulae, of course. (You
should compare the deformatIOns to the exam
ples offered m FIgS I and 2) FIgure 5(c) shows
the reverse. a movement away from the plane.

Less Immediately mtUItIvely clear IS the result
of a movement parallel to the plane [FIg. 5(d)]
despIte the fact that you probably expenence
such flows on a dally basis (e.g walking over an
even floor) The movement IS m the honzontal
dIrectIOn, towards the nght. Note that remote
parts of the VIsual field at your nght (when
walkmg m the indIcated dIrection) have rotated
counter clockWIse whIle patches on the left have
rotated m a clockWIse fashIOn. These rotational
effects are often spontaneously notIced by peo
ple who look out of the (sIde) wmdow of a tram
Ahead of you the gauge figure expands in an
amsotroplc fashIon tWIce as fast m the dIrectIOn
of movement than m the orthogonal dIrectIOn'
The strongest expanSIOn is found at a distance
m front of you that exactly equals your eye
heIght [Thus for car dnvers thIS pomt WIll often
be obscured by the hood In my (small) car I
find It pOSSIble to easily study thIS flow field If
I fixate (It takes some exerCIse to gam
proficIency) a pomt just m front of the car on
the hIghway. Probably an optokmetIc nys
tagmus cancels the average motion and I per
ceIve the local parallax field At an even speed
of say 140 km/h I see a flow pattern of the node
type, WIth dIfferent expansIOns m the directIOn
of movement and perpendIcular to It. It takes a
well textured hIghway surface to let the expen
ment succeed.] Behmd you the reverse effects
occur.

It IS especially mteresting to note that the
deformatIOns as mdlcated by the fate of the
gauge figure yIeld so very dIfferent ImpressIons
of the flow than the pattern of field hnes does.
Thus GIbson (1950, lookmg only at the pattern
of field hnes) speaks about the "focus of expan
SIOn" WhICh m thIS case lies on the honzon m
the forward dIrectIOn. Indeed the field hnes have
theIr vamshmg pomt there But the actual ex
pansIOn vamshes at the "focus of expansIOn" as
IS Immediately clear from the gauge figures. The

maXImum of expanSIon IS at a locatIOn on the
floor that IS at your eye-heIght m front of you
and not on the horizon at all In the general case
(that of a movement m a dIrection that IS obhque
WIth respect to the plane), the extrema of the
expanSIOn are located on the blsectnces of the
directIon of movement and the normal to the
plane (Koendennk and van Doorn, 1976a, b,
1978, 1981, Regan and Beverley, 1982).

The extremum of the expanSIOn (the dIV) IS
clearly mdependent of eye-movements, smce
eye-movements introduce rotations and the diV
depends only on the translation. On the other
hand GIbson's focus can easIly be shown to
be shifted around during the executIOn of
eye-movements

What is the information avaIlable to us from
these fields? If the whole field, or at least a large
part of it, is available, then you can extract your
onentatIOn WIth respect to the plane, and your
mstantaneous speCIfic VelOCIty. That IS you can
find the direction of your movement and the
time needed to reach the surface If your mstan
taneous movement was contmued In fact these
data can already be obtamed from either the
div, or the def component alone That the
distance IS found m temporal umts can actually
be an asset rather than a drawback m many
sensorimotor tasks [e.g landmg reactIOns
(Goodman, 1960, Braltenberg and Taddel
Ferrett, 1966, Lee and ReddIsh, 1981; Wagner,
1982), aVOidance reactIOns, brakmg (Lee, 1976),
etc.]

1.4.5. ExtractIOn of shape In the presence of
bendmg deformatIOns An example of extero
ceptIOn is that of local shape extractIOn m the
absence of any pnor knowledge about eye
movements, etc. I WIll show that thIS IS pOSSIble
even m the case that the objects "out there"
suffer certam nonngld transformatIOns

FIrst of all let us conSIder what IS meant by
shape The narrowest view would be that you
know the shape of an object If you can make an
exact 3-D copy of It Then you know the three
CarteSIan coordmates of any pomt of the object
m some posItion That thiS defimtIOn IS uncom
fortably narrow IS clear from the fact that the
human observer may well have an excellent Idea
of a shape WIthout bemg able to gIve de
pendable estimates of arbItrary Euchdean dIS
tances between marks on the object One stnk
mg observatIOn IS that "VIsual shape" seems to
be mvanant agamst so called "rehef trans
formatIOns" ThiS fact was already noted by
Helmholtz (1910) and also by artists For m-
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stance, HIldebrand (1913) 10 hiS well known
technIcal treatise on the craft and the art of
sculptmg IS very exphclt on the Issue Many
observers have a hard time to dlstmgUlsh a rehef
copy from the same work 10 the round, except
when they are allowed to assume exceedmgly
obhque viewmg positIOns (technIcally known as
"takmg a sIde vIew") A rehef transformatIOn
conserves collmearIty and the mtersectlOns of
lines. Thus all effects of obscuratIOn are con
served, as are contours, shadow edges and the
posItions of extrema of hght and dark. You
know the surface modulo a rehef trans
formation when you know the nearness to the
eye for pomts on the surface except for an
unknown additive constant

In our case the relatIOn IS a httle different than
the one descrIbed by Helmholtz, moreover, the
"nearness gradient" F = grad log (do/d), as 10

troduced earher, contams yet another ambIgu
Ity It IS also degenerate with respect to scale
Thus a knowledge of F (such as may be
obtamed from the optic flow, mde mfra) yIelds
the depth modulo a scahng factor and a rehef
transformatIOn You may express this 10 the
followmg way' let d denote the objective dIS
tance, d' the mferred one, then d' must be
related to d 10 the followmg manner

:~ = ~(~)P

do IS an arbitrary distance; ~,f3 are arbitrary
constants; do and ~ govern the scale, f3 governs
the rehef. Smce the vector F = grad log(do/d)
appears so prommently 10 the equatIOns It ap
pears hkely that mOnItorIng the dlV, curl and def
puts us 10 a posItion to find F and thus the shape
(modulo a rehef transformatIOn), at least If we
are able to solve for F and A. It Will be shown
that this IS mdeed pOSSible, 10 fact that this IS
possible from a knowledge of the def alone'

As a model shape I shall use a polyhedral
vertex, and not necessarIly a rIgid one You may
buIld such a model from rIgid sectors (constant
sector angles but they may be mutually unequal)
Jomed With fleXible hmges. Thus you obtam
flaCCid vertIce~ (If there are more than four
sectors) that can be flexed This fleXIOn IS a case
of bendmg deformatIOn distances along the
surface remam mvarIant, although global diS
tances (measured lmea recta, through the air) 10

general vary The model IS of especial mterest
because any real curved surface can be approx
Imated With an arbitrarIly fine trIangular net
and thus by a comphcated polyhedron If you
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can solve the "structure from motion problem"
for a vertex, then you can treat surfaces on a
vertex by vertex baSIS

How can we approach the problem? The
easiest approach IS first to look at the situatIOn
at a smgle edge of the vertex before proceedmg
to the complete structure

At an edge you have a dlscontmUity In the
flow field However, the nature of the smgularIty
IS subject to certain constramts' first of all the
components of the nearness gradients at both
SIdes of the edge must have Identical com
ponents along the edge (otherWise the sectors
would not hang together at the edge); secondly
the same observatIOn can be made for the
speCIfic transverse components of the trans
latIOn (At). ThIS IS the case because any relative
movement of the facets must be a rotatIOn
around the edge (remember that the edge func
tIOns as a hinge), a property that IS conserved 10

the projectIOn These two boundary conditIOns
can be combmed WIth the observatIOn of the def
at both Sides of the edge. The magnItude of the
def yields the products of the moduh of At and
F at both Sides, whereas the dtrectlOn of the aXIs
of contractIOn speCifies the bisectrIx of AI and F
at both Sides These data can be shown to be
suffiCient for the followmg computatIOn to be
pOSSible 10 case AtL (the vector At on the left of
the edge) IS speCified, the vectors FL, FR and A'R

can be found. (Actually there are either two
pOSSible solutIOns or none) Of course one usu
ally has no prIor knowledge of A'L' thus thiS
observatIOn does not at first Sight appear to be
a step towards any useful solutIOn But we still
have to use the very fact that the spatial struc
ture IS a coherent polyhedral vertex

We can use the fact that the vertex IS a
coherent surface 10 the followmg way If I make
a tour around the vertex over the surface I end
up on the same sector at which I started Thus
If I Just take any arbitrary chOice for A, on the
first sector, I can do the calculatIOn edge after
edge and after some time I end up With a
calculated value of A, on the same sector at
which I started (At- say). Now obVIOusly we
have the condition At = At- to fulfill ThiS obser
vatIOn IS suffiCient to solve the problem smce
the problem IS degenerated With respect to scale
we may as well take At = I (thIS only changes
the arbitrary constant do), then we have a smgle
unknown (the directIOn of At 10 the Visual field)
and the equatIOn At = A,- suffices for a solution.
We have trIed the scheme 10 a computer SImu
latIOn, and It works perfectly. Irrespective of the
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precise nature of the ngld movement or the
bending [for aN-vertex the bendmg has (N - 3)
degrees of freedom] the algonthm comes up
with a umque solutIOn (except for the multi
pliCity descnbed later on)

Figure 6 shows an example for a hexagonal
vertex. (Of special mterest because any surface

patch can be approximated by a polyhedron
conslstmg of hexagonal vertices.) Figure 6(a)
shows the actual mput to the algonthm. ThiS IS
somewhat simplified even, smce you may add
arbitrary translatIOns and rotatIOns to the mput
flow the algonthm does not notice It. The upper
two rows 10 Fig. 6(b) depict what the vertex and

0-= ...

•
• --0

~
(a)

(b)

(c)

Fig 6 Results of a run of a novel algonthm that yIelds a partIal solutIon of the "structure from motIOn
problem" In the presence of bendIng deformatIOns of the object (a) The Input to the algonthm Ihe seven
definIng pOInts of a SIX vertex In two (temporally close) VIews, black pOInts the first, open Circles the second
view The algonthm IS completely Insen\ltIve to transformatIOns of the second View of the folloWIng types
--translatIOns, -rotatIOns, -slmllantIes (scale changes) (b) The Sdme configuratIOn as In (a), but seen
from qUIte dIfferent vantage POInts (SIde views) Edges are drawn for clanty These Inputs were not
available as Input data' The strong bendIng deformatIons apparent when you compare the upper row (firsl
vIew) WIth the lower one (second view) Indicate that there IS httle use for the "ngldlty assumptIOn" here
(c) PredlctlOn~ of the algonthm, on the basIS of the data shown In (a), of sIde views on the moment of
the first vIew [Thus compare (c) WIth the upper row of (b)'l (In fact the algonthm also extracts Ihe bendIng
Itself, not Just the shape) Note how well shape can be extracted from thIS very hmlted data The final

degeneracy (Interchange of F's and A,'s) was resolved by the algonthm through use of the curl
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the vertex after deformatIon look lIke from
qUIte dIfferent vantage pomts. These are sIde
vIews that are not available to the algonthm.
The lower row m Fig. 6(c) depicts the predic
tIons based on the result of the algonthm of
these same side vIews. ThIs row should be
compared with the upper row of FIg. 6(b). (In
fact the algorithm also extracts the defor
matIOns.) Note how well the algorithm has
caught the shape, although the mput condItIons
vIOlate all reqUIrements of the "structure from
motIon theorem". (Only two vIews are gIven; no
four pomts move together in a rigtd fashIOn)
ThIs example shows clearly the value of partIal
solutIons to the problem. (The solutIOn is
modulo a relIef transformation and a scaling
factor.) Many objectIve features of the shape
can be obtamed exactly even in the presence of
these ambigUIties, however: thIs IS why it does
not seem prudent to despIse "merely partial solu
tIons" to the structure from motion problem
After all, organic systems often take shortcuts if
useful mformation can be had cheaply, thus the
partIal solutIOns have certamly to be studied as
possIble paradIgms for vIsual functIon Exam
ples of objectIve propertIes that can be found
even m the presence of scalmg and relIef ambI
gUItIes are' the question of whether a vertex IS
ellIptIC or hyperbolIc (whether the sum of the
sector angles IS less or is greater than 360°), or
the obscuratIOn relatIons for SIde vIews. (In
general all properties dependmg on the contact
of the object wIth straight Imes, thus the very
propertIes that are of Importance m reafference
concermng the vIsual system )

The solutIon IS subject to certain ambIgUItIes
that should be noted'

elt IS degenerate up to a relIef trans
formatIOn;

elt IS degenerate up to scale (which obvi
ously any solutIon has to be),

elt IS degenerate as to the sIgn of A, ThIS
means that the solutIOn cannot dls
tmgUlsh between convexItIes and con
cavItIes. Any pnor knowledge about
movement (e g avaIlable for ego
movements) disambIguates thIS SItu
atIon;

e the solutIon IS degenerate wIth respect
to an mterchange between the F's and
A,'s.

The latter degeneracy IS an espeCIally cunous
one. It can be solved m several ways. One may
e.g. pIck the "most ngld" solution. ThIS gener-

ally does the Job, but IS an ad hoc measure. One
can also disambIguate the solutIon by lookmg at
the sIgn of the curl. ThIS solves the problem.
One wonders If the human visual system is
subject to IllusIOns caused by thIS ambIgUIty
Prelimmary psychophYSIcal experiments wIth
deforming vertIces on a CRT screen performed
by us suggest that thIS is mdeed the case. If thIS
is so, then It would appear that the human does
not use curl mformatIOn for shape extractIon,
and we have discovered a new, unexpected
dynamIcal perspectIve IllusIOn.

Note that, except for the possIble use of the
curl (not for calculatIOn but Just to decIde
between two possible solutions), only the shear
(def component) IS needed as mput data for the
solutIon

2. THE TYPE OF MECHANISMS NEEDED TO
EXTRACT INFORMATION FROM THE FLOW:

POSSIBLE PHYSIOLOGICAL IMPLEMENTATIONS

I have already commented on the use of
mechamsms fit to extract global parameters, hke
rotatIon around three perpendIcular axes, or the
vamshing points due to the translatIOn. I have
also noted how detectIon of mere dlscontmUlty
may serve for sphttmg the vIsual field mto
coherent entItIes. In thIS sectIon I WIll comment
on mechamsms fit for local analysIs of flow
structure

As remarked earlIer there eXIst many, mutu
ally very dIfferent, possIbilItIes to extract local
flow structure, e g. they may be based on rela
tIve movement, texture denSIty or onentatIOn
and onentatIOn changes of local Image detaIl.
FIrst of all let me explam why It appears useful
to base the analySIS on the dIfferentIal mvan
ants, no matter how they are extracted

The mam vIrtue of the dIfferentIal mvanants
IS that they are defined m a coordmate free
manner TheIr magmtude has a vahdlty that
does not depend on the framework m whIch you
measure pOSItIOn, m thIS respect they are SImIlar
to entItIes hke lummance or hue. DIV and curl
can be extracted locally by mechamsms that are
rotatIOnally symmetnc ThIS means that the
detection WIll be receptIve field hke, concentnc
structures, m the case of the curl WIth perhaps
a penodIc angular dependence. The shear IS
more complIcated smce It also mvolves an onen
tatIon, not Just a scalar measure Thus shear
detectors must have an onentatIOnally dIrected
structure.

Dlv detectors have been implicated for the
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case of the human observer ("Loommg de
tectors", Regan and Beverley, 1978)

It IS feasible that some features of the flow are
computed on the basIs of (time varymg) pOSI
tIOnal mformatlOn on Image structure. The ex
tremely high aCUIty reported for some tasks
certamly IS suggestive of this (Lappm and
Fuqua, 1983)

An especially clean way to extract shear IS to
do It by way of the changes m the relative
onentatIOns of Image detaIl (Figs 3 and 4). Both
the orientation and the magmtude of the shear
can be gamed from these Thus the structures
descrrbed m the prrmary VIsual cortex are exactly
the substrate needed for the computatIOn of local
shear This IS especially mterestmg m view of the
fact that momtonng the shear suffices to extract
local shape, even m the presence of bendmg
deformatIOns. This seems to mdlcate a lIkely
function for the system m the pnmary cortex
dedicated to the extractIOn of local Image detail
onentatIOn, namely the computatIOn of
3D-shape. (As opposed, or perhaps m addition
to, the common notIOn that this system serves
merely the extractIOn ofcontour m a two dimen
sIOnal, rather than a three dimensIOnal settmg.)

In summary, the lIkely mechamsms from a
theoretical pomt of view for which there IS at
least a trace of eVidence m the visual system are.

• mechamsms mtegratmg over large parts
of the visual field extractmg rotation
around one of three mutually perpen
dicular axes (perhaps comcldmg with
the normals to the planes of the
semlclfcular channels of the vestibular
system) Such systems could aid pro
pnoceptlOn and egocentnc onentatlOn,

• mechamsms mtegratmg over large parts
of the visual field and extractmg trans
latIOn through estimatIOn (m some opti
mal sense) of the mam vamshmg pomts
of the flow Such mechamsms could aid
propnoceptIon and the regulation of
ego-movement;

• mechamsms mtegratmg over limited
parts of the visual field and computmg
the presence of dlscontmUltIes of the
flow. Such RF's could form a system
for segregatIOn of the visual field,

• mechamsms mtegratmg over lImIted
parts of the visual field and extractmg
the translation component (or local ve
locIty) of the flow Such mechamsms
("motIOn detectors") are certamly
present m the vIsual system of many

vertebrates, often as early as m the
retma,

• mechamsms mtegratmg over vanous
regions and codmg for expansIOn (dlv).
Such "Ioommg detectors" have been
ImplIed for the human vIsual system by
some psychophYSICIStS. Such systems
could extract the Immediacy and thus
aid m effective locomotion;

• mechamsms mtegratmg over lImIted
parts of the Vlsual field and codmg for
local shear Such mechamsms would
display strong onentatIOnal preference
when probed III their subparts The
cortical area 17 IS a ltkely substrate.
Such a system would be Ideally sUIted to
extract 3D-shape

3. CONCLUSIONS

The study of OptiC flow has made accelerated
progress durmg recent years, at least m the field
of theory. Practical algonthms for use III robot
ICS are m use or forthcommg However, psycho
phySical results are extremely scarce as are
electrophysIOloglcal studIes. ThiS IS at least m
part due to a defimte lack of attentIOn to such
questIOns, but also to marked expenmental
difficulties Some electrophysIOloglcal data are
tantaltzmg m the sense that they appear to
mdlcate the presence of systems dedicated to
specific aspects of OptiC flow analysIs However,
because they have generally been mterpreted m
terms of utIlIty for the analysIs of static, two
dImensIOnal Images they are usually discussed m
a qUIte different context. GIven the fact that
theory IS so far ahead m thiS area, there appear
to be nch POSSIbilIties for the empmcal ap
proach here, both m psychophysIcs and m elec
trophysIOlogy. In the meantime theoretical de
velopments will contmue to speed up because of
a practical need from the robotics commumty
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