Multiresolution Image
Representations

ur review of the organization of neural and behavioral data

has led us to several specific hypotheses about how the visual

system represents pattern information. Neural evidence sug-
gests that visual information is segregated into a number of different vi-
sual streams that are specialized for different tasks. Behavioral evidence
suggests that, within the streams that are specialized for pattern sensi-
tivity, information is further organized by local orientation and spatial
scale and color. All of the evidence we have reviewed to this point sug-
gests that image contrast, rather than image intensity, is the key vari-
able represented by the visual pathways.

We will spend this chapter mainly just thinking about how these
and other organizational principles might be relevant to solving various
visual tasks. In addition to the intrinsic and practical interest of solving
visual problems, finding principled solutions for visual tasks can also be
helpful in understanding and interpreting the organization of the hu-
man visual pathways.

Which tasks should we consider? There are many types of visual
problems; only some of these have to do with tasks that are essential
for human vision. One approach to thinking about visual algorithms is
to adopt a general approach to vision, sometimes called computational
vision, in which we do not restrict our thinking to those problems that
are important for human vision. Instead, we open our minds to visual
algorithms that may have no biological counterpart.

In this book, however, I will restrict our analysis to the subset of
algorithms that is related to human vision. While this is not the broad-
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est possible class, it is a very important one because there are many
potential applications for visual algorithms that emulate human per-
formance. For example, suppose a person wants to search through a
database of images to find images with “red vehicles.” To assist the per-
son, the computer program must have some algorithmic representation
related to human vision; after all, the words “red” and “vehicle” are de-
fined by human perception. This is but one example from the set of
computer vision algorithms that can serve to augment the human abil-
ity to manipulate, analyze, search, and create images. These algorithms
will be of tremendous importance over the next few decades.

There is a second reason for paying special attention to visual prob-
lems related to human vision. Many investigators have argued that
studying the visual pathways and visual behavior is an efficient method
for discovering novel algorithms for computational vision. The idea is
that by studying the specific properties of a successful visual system,
we will be led to an understanding of the general design principles of
computational vision. This process is analogous to the idea of reverse-
engineering that is frequently used to improve instrument design in
manufacturing. This view has been suggested by many authors, but
Marr (1982) has argued particularly forcefully that biology is a good
source of ideas for engineering design. I have never been persuaded
by this argument; it seems to me that reverse-engineering methods are
most successful when one understands the fundamental principles and
only wishes to improve the implementation. It is very difficult to ana-
lyze how a system works from the implementation unless one already
has a set of general principles as a guide. I think engineering algorithms
have done more for understanding neuroscience than neuroscience has
done for engineering algorithms.

Whichever way the benefits flow, from neuroscience to engineering
or the other way around, just the presence of a flow is a good reason for
the vision scientist and imaging engineer to be familiar with biological,
behavioral, and computational issues. In the remainder of this book, we
will spend more time engaged in thinking about computational issues
related to human vision. In this chapter I will describe ideas and algo-
rithms related to multiresolution image representations. In the follow-
ing chapters I will describe work on color appearance, motion, and see-
ing. Algorithms for all of these topics continue be an important part of
vision science and engineering.

Effimem

In this chapter we will consider several different multiresolution repre-
sentations. Multiresolution representations have been used as part of a
variety of visual algorithms ranging from image segmentation to stereo
depth and motion (e.g., Burt, 1988; Vetterli and Meten, 1992). To unify
the introduction of these various representations, however, I will intro-
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duce them all by considering how they solve a single engineering prob-
lem: efficient storage of image information.

Efficient image representations are important for systems with fi-
nite resources, which is to say all visual systems. No matter how much
computer memory or how many visual neurons we have, we can al-
ways perform better computations, transmit more information, or store
higher quality images if we use efficient storage algorithms. If we fail to
consider efficiency, then we waste resources that could improve perfor-
mance.

Image-compression algorithms transform image data from one rep-
resentation to a new one that requires less storage space. To evaluate the
efficiency of a compression algorithm, we need some way to describe
the amount of space required to store an image. The most common
way to measure the amount of storage space necessary to encode an im-
age is to count the total number of bytes used to represent the image.!
Color images acquired from cameras or scanners, or color images that
are about to be displayed on a monitor, are represented in terms of the
intensities at a set of picture locations called pixels. The color data are
represented in three color bands, usually called the red, green, and blue
bands. We can compute the number of bytes of data represented in a
single image fairly easily. Suppose we have a modest-size image of 512
rows and 512 columns and that each color band represents intensity
using one byte. The image representation within a single color band re-
quires 512 X 512 x 3 bytes of data, or approximately 0.75 megabytes of
data. If we have an image comprising 1,024 rows and columns, we will
require 3.0 megabytes to represent the image. In a movie clip, in which
we update the image 60 times a second, the numbers grow at an alarm-
ing rate; one minute requires 10 gigabytes of information, and one hour
requires 600 gigabytes.

Notice that color image encoding already involves a significant
amount of image compression that is made possible by the special char-
acteristics of human vision. The physical signal consists of light with
energy at many wavelengths (i.e., a complete spectral power distribu-
tion). The image data, however, do not encode the complete spectral
power distribution of the displayed or acquired color signal. The data
represent only three color bands, a very compressed representation of
the image. The results of the color-matching experiment justify the
compression of information (see Chapter 4). This part of compression
is so well understood that it is rarely mentioned explicitly in discussions
of image compression.

In addition to color trichromacy, two main factors permit us to
compress images with little loss of quality. First, adjacent pixels in nat-
ural images tend to have similar intensity levels. We say that there is
considerable spatial redundancy in these images. This redundancy is

L A bit is a single binary digit, that is, O or 1. A byte is 8 bits and represents 256 levels (2%).
A megabyte is 10° bytes, while a gigabyte is 10° bytes.
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(A

part of the signal, and it may be removed without any loss of infor-
mation in order to obtain more efficient representations. Second, we
know that human spatial resolution to certain spatial patterns is very
poor (see Chapters 2 and 7). People have very poor spatial resolution to
short-wavelength light, and only limited spatial resolution for colored
patterns in general. Representing this information in the stored image
is unnecessary because the receiver (that is, the visual system) cannot
detect it. By eliminating this information, we improve the efficiency of
the image representation.

In this chapter we will consider efficient encoding algorithms of
monochrome images, spending most of our time on issues of inten-
sity and spatial redundancy. In Chapter 9, which is devoted to color
broadly, we will again touch on some of the issues of color image rep-
resentation.

Intensity Redundancy in Image Data

Suppose that we have an image we wish to encode efficiently, such as
the image in Figure 8.1A. The camera I used to acquire this image codes
up to 256 different intensity levels (8 bits). You might imagine, there-
fore, that this is an 8-bit image. To see why that is not the case, look at
the distribution of pixel levels in the image.

In Figure 8.1B I have plotted the number of points in the image at
each of the 256 intensity levels the device can represent. This graph is
called the image’s intensity histogram. The histogram shows that inten-
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8.1 THE DISTRIBUTION OF IMAGE INTENSITIES is an important factor in obtaining
an efficient image representation. (A) This image was acquired by a device capable of
reproducing 256 gray levels, but the image data consists of only 16 different gray levels.
(B) The histogram shows the gray levels used to code the image (A). Device properties
limit the gray-level resolution; they do not enforce a resolution.
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sity level 128 occurs most frequently and only a few other levels occur
at all.

Although the device used to acquire this image could potentially
represent 256 different intensity levels, the image itself does not con-
tain this many levels. We do not need to represent the data at the de-
vice resolution, but only at the intrinsic resolution of the image, which
is considerably smaller. Since the image in Figure 8.1A contains 16 lev-
els, not 256, we can represent it using 4 bits per image point rather than
the 8-bit resolution the device can manage. This saves us a factor of two
in storage space.

The first savings in efficiency is easy to understand; we must not
allocate storage space to intensity levels that do not occur in the im-
age. We can refine this idea by taking advantage of the fact that the
different intensity levels do not occur with equal frequency. Consider
one method to take advantage of the fact that some intensity levels are
more likely than others. Assign the 1-bit sequence, 1, to code level 128,
Encode the other levels using a 5-bit sequence that starts with a zero,
say Oxxxx, where xxxx is the original 4-bit code. For example, the
level 5 is coded by the 5-bit sequence 00101. We can unambiguously
decode an input stream as follows. When the first bit is a 1, then the
current value is 128. When the first bit is a zero, read four more bits to
define the intensity level at that pixel.

Suppose that the intensity level 128 had occupied 60 percent of the
pixels. Our encoding scheme reduces the space devoted to coding these
pixels from 4 bits to 1 bit, saving 3 bits at 60 percent of the locations.
The encoding method costs us 1 bit of storage for 40 percent of the pix-
els. The average savings across the entire image is 0.6 X3 -0.4x1=1.2
bits per pixel. Using these very simple rules, we have reduced our stor-
age requirements to 2.8 bits per pixel.

The example I have provided here is very simple; many more elabo-
rate and efficient algorithms exist for taking advantage of the redundan-
cies in a data set. In general, the more we know about the input distri-
bution, the better we can do at designing efficient codes. A great deal of
thought has been devoted to the question of designing efficient coding
strategies for single images and also for various classes of images such as
business documents and natural images.

Spatial Redundancy in Image Data

Normally, intensity histograms of natural images do not exhibit such
a coarse, discrete distribution as the example in Figure 8.1. In natural
images, intensity distributions range across many intensity levels, and
strategies that rely only on intensity redundancy do not save much stor-
age space.

But there are spatial redundancies in natural images, and we can use
the same general encoding principles we have been discussing to take
advantage of these redundancies as well. Specifically, certain spatial pat-
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terns of pixel intensities are much more likely than others. There are
various formal and informal ways to convince oneself of the existence
of these spatial redundancies. First, consider the image in Figure 8.2.
This figure contains a picture of Professor Horace Barlow, an eminent vi-
sion scientist. A few of the pixel intensities have been set randomly to a
new intensity value. Kersten (1987) has shown that naive observers are
quite good at adjusting the intensity of these pixels back to their origi-
nal intensity. With 1 percent of the pixels deleted, observers correct the
pixel intensity to its original value nearly 80 percent of the time. Even
with 40 percent of the pixels deleted, observers set the proper intensity
level more than half the time.

Second, we can measure the spatial redundancy in natural images
by comparing intensities at neighboring pixels. Figure 8.3A shows the
pixel intensities from the image shown in the center of the figure.
Measured one at a time, the pixel intensities are distributed across many
values and do not contain a great deal of redundancy. Figure 8.3B shows
an image cross-correlogram that measures the intensity of a pixel,
p(x,y), on the horizontal axis and the intensity of its neighboring
pixel, p(x,y + 1), on the vertical axis. Because adjacent pixels tend to
have the same intensity level, the points in the cross-correlogram clus-
ter near the identity line. Because the intensity of one pixel tells us a
great deal about the probable intensity level of an adjacent pixel, we
know that the pixel intensity levels are redundant.

We can improve the efficiency of the image representation by re-
moving this spatial redundancy. One way of removing the redundancy
is to transform the image representation. For example, instead of cod-
ing the intensities of the two pixels at adjacent locations independently,
we can code one pixel level, p(x, ¥) and the difference between the ad-

8.2 EXPERIMENTAL
MEASUREMENT OF SPATIAL
REDUNDANCY IN AN IMAGE.
The image shows Professor
Horace Barlow; random noise
has been added to the picture.
Subjects were asked to adjust
the intensity of the noisy pixels
to the level they thought

must have been present in

the original image. Subjects
are very accurate at this task,
using the information present
in nearby pixels. This is an
experimental demonstration
that people can take advantage
of the spatial redundancy in
image data. Source: Kersten,
1987.
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8.3 COMPUTATIONAL MEASUREMENT OF SPATIAL REDUNDANCIES IN A NATURAL
IMAGE. The natural image used for these computations is shown in the middle. (A) The
image intensity histogram shows the distribution of image intensities. (B) A correlogram
of the intensity of a pixel located at position (x, ») and the intensity of a pixel located
at position (x, ¥ + 1). (C) A correlogram of the intensity of a pixel located at position
(x, ¥) and the intensity difference between it and the adjacent pixel at (x,y + 1). (D)
A histogram of the intensity differences showing that they are concentrated near the zero

level.

jacent pixel values, p(x, y + 1) — p(x, ). This pair of values preserves
the image information since we can recover the original from p(x, y)
and p(x,y + 1) — p(x,y) by simple subtraction. This type of proce-
dure is known as lossless compression.

After transforming the data, the number of bits needed to code
p(x,y) is unchanged. But the difference, p(x,y + 1) — p(x, y), can
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fall in a larger range, anywhere between 255 and —255 so that we
may need as many as 9 bits to store this value. In principle, requir-
ing an additional bit is worse, but in practice the difference between
most adjacent pixels is quite small. This point is illustrated by the cross-
correlogram of the transformed values shown in Figure 8.3C. The hor-
izontal axis measures the pixel intensity p(x, y), and the vertical axis
measures the difference value, p(x, y + 1) — p(x, v). First, notice that
most of the values of the intensity difference cluster near zero. Second,
notice that there is virtually no correlation between the transformed
values; knowing the value of p(x, y) does not help us know the value
of the difference.

To build an efficient representation, we can use the same strategy I
outlined in the previous section. We use a short code (say, 5 bits) to en-
code the small difference values that occur frequently. We use a longer
code (say, 10 bits) to encode the rarely occurring large values. Because
most of the pixel differences are small, the representation will be more
efficient.?

Decorrelating Transformations

We can divide the image-compression strategies I have discussed into
two parts. First, we linearly transformed the image intensities to a new
representation by a linear transformation. The linear transformation
computes p(x,y) and p(x,y) — p(x,y + 1) from p(x,y) and p(x, y
+ 1). The matrix form of this transformation is simply

p(x,¥) (10 p(x,y)
(P(X,y+l)—p(x,y)) B (_1 1) <p(x,y+1)) (8.1)

We apply the linear transformation because the correlation of the trans-
formed values is much smaller than the correlation in the original rep-
resentation. t

Second, we find a more efficient representation of the transformed
representation. Because we have removed the correlation, in natural im-
ages the variation of the transformed values will be smaller than the
variation of the original pixel intensities. Hence we will be able to en-
code the transformed data more efficiently than the original data.

From our example, we can identify a key property of the linear
transformation that is essential for achieving efficient coding. The new
transformation should convert the data to decorrelated values. Values

2 We could improve even this coding strategy in many different ways. For example, after
the first pair of pixels we never need to encode an absolute pixel level; we can always en-
code only differences between adjacent pixels. This is called differential pulse code mod-
ulation, or DPCM. Or, we could consider the pair of pixels as a vector, calculate the fre-
quency distribution of all possible vectors, and build an efficient code for communicating
the values of these vectors. This is called vector quantization, or VQ. All of these methods
trade on the fact that natural images are more likely to contain some spatial patterns than
others.
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are decorrelated when we gain no advantage in predicting one value
from knowing the other. It should seem intuitive that decorrelation is
an important part of efficiency: if we can predict one value from the
another, there is no reason to encode both. Generalizing this idea, if
we can approximately predict one value from another, we can achieve
some efficiencies in our representation. In our example we found that
the value p(x,y) is a good predictor of the value p(x,y + 1). Hence,
it is efficient to predict that p(x, y + 1) is equal to p(x, y) and to en-
code only the error in our prediction. If we have a good predictor (i.e.,
high correlation) the prediction error will span a smaller range than the
data value. Hence, the error can be encoded using fewer bits, and we
can save storage space.

The transformation in Equation 8.1 does yield a pair of approx:
imately decorrelated values. To make the example simple, 1 chose a
simple linear transformation. We might ask how we might find a decor-
relating linear transformation in general. When the set of images we
will have to encode is known precisely, then the best linear transfor-
mation for lossless image compression can be found using a matrix
decomposition called the singular value decomposition. The singular
value decomposition defines a linear transformation from the data to a
new representation with statistically independent values that are con-
centrated over smaller and smaller ranges. This representation is just
what we seek for efficient image-encoding. The singular value decom-
position is at the heart of principal-components analysis and goes by
many other names including the Karhunen-Loeve transform and the
Hoteling transform. The singular value decomposition may be the most
important technique in linear algebra.

In practice, however, the image population is not known precisely.
Nor are the image statistics for the set of natural images known pre-
cisely. As a result, the singular value decomposition has no ready ap-
plication to image compression. As a practical matter, then, selecting a
good initial linear transformation remains an engineering skill acquired
by experience with algorithm design.

Lossy Compression

To this point, we have reviewed compression methods that transform
the original data with no loss of information. Ordinarily, we can achieve
savings of a factor of 2 or 3 based on lossless compression methods,
though this number is strongly image-dependent.

If we are willing to tolerate some difference between the original
image and the stored copy, then we can develop schemes that save con-
siderably more space. Transformations that lose information are called
lossy compression methods. Using only three sensor responses to rep-
resent color information is the most successful example of a percep-
tually lossless encoding. We cannot recover the original wavelength
representation from the encoded signal. Still, we use this lossy represen-
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tation because we know from the color-matching experiment that when
done perfectly there should be no difference between the perceived im-
age and the original image (see Chapter 4).

Lossy compression is inappropriate for many types of applications,
such as storing bank records. But, some amount of image distortion is
acceptable for many applications. It is possible to build lossy image-
compression algorithms for which the difference between the original
and stored image is barely perceptible, and yet the savings in storage
space can be as large as a factor of 5 or 10. Users often judge the ef-
ficiency to be worth the image distortion. In cases when the image
distortion is not visible, some authors refer to the compression as per-
ceptually lossless.

As we reviewed in earlier chapters, the human visual system is very
sensitive to some patterns and wavelengths but far less sensitive to
others. Perceptually lossless encoding methods are designed to exploit
these differences in human visual sensitivity. These schemes allocate
more storage space to represent highly visible patterns and less storage
space to represent poorly visible patterns (Watson and Ahumada, 1989;
Watson, 1990).

Perceptually lossless image-encoding algorithms follow a logic that
has much in common with the lossless encoding algorithms. First,
the image data are transformed to a new set of values, using a linear
transformation. The transformed values are intended to represent per-
ceptually decorrelated features (see below). Second, the algorithm al-
locates different amounts of precision to these transformed values. In
this case, the precision allocated to each transformed value depends on
the visual salience of the feature the value represents; hence, salient
features are allocated more storage space than barely visible features.
It is at this point in the process that lossy algorithms differ from loss-
less algorithms. Lossless algorithms allocate enough storage so that the
transformed values are represented perfectly, yet due to the decorrela-
tion they still achieve some savings. Lossy algorithms do not allocate
enough storage to represent all of the initial information; the image
cannot be reconstructed perfectly from the compressed representation.
The lossy algorithm is designed, however, so that the lost information
would not have been visible anyway. Thus, the new picture will require
less storage and will still look like the original image.?

Perceptually Decorrelated Features

In the overview of perceptually lossless compression algorithms, T used
—but did not define—the phrase “perceptually decorrelated features.”
The notion of a “perceptual feature” is used widely in a very loose way
to describe important image properties, but there is no consensus on

31In practice, lossy and lossless compression are concatenated to compress image data.
First a lossy compression algorithm is applied, followed by a lossless algorithm.
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the specific image features that comprise the perceptual features. In
the context of image compression, however, there is a very useful op-
erational definition of image feature. We can define it in terms of the
linear transformation used to decorrelate the image data.

Suppose we represent the original image as a list of intensities, iy,
one intensity for each pixel in the image. We then apply a linear trans-
formation to the image data to yield a new vector of transform coeffi-
cients, t (as in Equation 8.1):

t1 il
tr i2
= | Decorrelating
In-1 transform iN—1
tn in

Each transformation coefficient represents something about the con-
tents of the input image. We can call the image information represented
by each transform coefficient an image feature. According to this defi-
nition, we can compute the image features from vectors of transform
coefficients that are zero except at one entry. For example, we can com-
pute the image feature associated with the first transform coefficient by
solving the linear equation

1 i
0 i2

: | =| Decorrelating

0 transform iN-1
0 N

We call the image vector that solves this linear equation the image fea-
ture represented by the first transform coefficient. We can find the im-
age features associated with each of the transform coefficients, in turn,
and thus find all of the features associated with a particular decorrelat-
ing transform.*

Next, we must define what we mean by “perceptually decorrelated”
image features. We can use Kersten’s (1987) experiment to provide an
operational definition. In that experiment subjects adjusted the inten-
sity of certain pixels to estimate the intensity level in the original im-
age. Kersten found that observers inferred the intensity levels of indi-
vidual pixels quite successfully and that observers perceived a great deal
of correlation when comparing individual pixels. We can conclude that
pixels are a poor choice to serve as decorrelated features.

4 Notice that taken together these features comprise the columns of the right inverse of
the decorrelating transform.
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Now, suppose we perform a variant of Kersten’s experiment. Instead
of randomly perturbing pixel values in the image, suppose that we per-
turb the values of the transform coefficients. And, suppose we ask sub-
jects to adjust the transform coefficient levels to reproduce the original
image. This experiment is the same as Kersten’s task except we use the
transform coefficients, rather than individual pixels, to control image
features.

We concluded that individual pixels do not represent perceptually
decorrelated features because subjects performed very well. We will con-
clude that a set of transform coefficients represent decorrelated features
only if subjects perform poorly. When knowing all the transform coef-
ficients but one does not help the subject set the level of an unknown
coefficient, we will say the features represented by the transformation
are perceptually independent. I am unaware of perceptual studies anal-
ogous to Kersten’s that test for the perceptual independence of image
features, but in principle, these experiments offer a means of evaluat-
ing the independence of features implicit in different compression algo-
rithms.

The important compression step in perceptually lossless algorithms
occurs when we use different numbers of bits to represent the transform
coefficients. To decide on the number of bits allocated to a transform
coefficient, we consider the visual sensitivity of the image feature repre-
sented by that coefficient. Because visual sensitivity to some image fea-
tures is very poor, we can use very few bits to represent these features
with very little degradation in the image appearance. This permits us to
achieve very compact representations of image data. By saving informa-
tion at the level of image features, the perceptual distortion of the im-
age can be quite small while the efficiencies are quite large.

This compression strategy depends on the perceptual independence
of the image features. If the features are not independent, then the dis-
tortions we introduce into one feature may have unwanted side effects
on a second feature. If the observer is sensitive to the second feature,
we will introduce unwanted distortions. Hence, discovering a set of im-
age features that are perceptually independent is an important part of
the design of a perceptually lossless image representation. If distortions
of some features have unwanted effects on the appearance of other fea-
tures, that is, if the representation of a pair of features is perceptually
correlated, then the linear transformation is not doing its job.

? Block Tra%formatmn

The Joint Photographic Experts Group (JPEG) committee of the Inter-
national Standards Organization has defined an image-compression
algorithm based on a linear transformation called the discrete cosine
transformation (DCT). Because of the widespread acceptance of this
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8.4 THE PERCEPTUAL FEATURES

OF THE DCT. The DCT features are
products of harmonic functions,

cos(217 f17) cos(2m f2k), where j and k
refer to position along the horizontal and
vertical directions. These functions have
both positive and negative values, and they
are shown as contrast patterns varying
about a constant gray background.

standard, and the existence of hardware to implement it, the JPEG-
DCT compression algorithm is likely to appear on your desk and in your
home within the next few years. The JPEG-DCT compression algorithm
has a multiresolution character and bears an imprint from work in vi-
sual perception.s

The JPEG-DCT algorithm uses the DCT to transform the data into
a set of perceptually independent features. The image features associ-
ated with the DCT are shown in Figure 8.4. The image features are all
products of cosinusoids at different spatial frequencies and two orienta-
tions. Hence, the independent features implicit in the DCT are loosely
analogous to a collection of oriented spatial-frequency channels. The
features are not the same as the features used to model human vision
since the DCT image features comprise high and low frequencies, while
others contain signals with perpendicular orientations. Still, there is a
rough similarity between these features and the oriented spatial fre-
quency organization of models of human multiresolution representa-
tions; this is particularly so for the features pictured along the edges and
along the diagonal in Figure 8.4, where the image features are organized
along lines of increasing spatial frequency and within a single orienta-
tion.

The main steps of the JPEG-DCT algorithm are illustrated in Fig-
ure 8.5. First, the data in the original image are separated into blocks.
The computational steps of the algorithm are applied separately to each

3The DCT is similar to the Fourier-series computation reviewed in Chapters 2 and Appen-
dix A.
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8.5 AN OUTLINE OF THE JPEG COMPRESSION ALGORITHM based on the DCT.
The original image is divided into a set of nonoverlapping square blocks, usually 8 x 8
pixels. The image data are transformed using the DCT to a new set of coefficients. The
transform coefficients are quantized using using a simple “multiply, round, divide”
operation. The quantized coefficients are zeroed by this operation, making the image
well suited for efficient lossless compression applied prior to storage or transmission.
To reconstruct the image, the quantized coefficients are converted by the inverse DCT,
yielding a new compressed image that approximates the original. The error in the
reconstruction (i.e., the difference between the original and the reconstruction) consists
mainly of high-frequency texture. The error is shown as an image on the right.

block of image data, making the algorithm well suited to parallel im-
plementation. The image block size is usually 8 x 8 pixels, though it
can be larger. Because the algorithm begins by subdividing the image
into blocks, it is one of a group of algorithms called block coding algo-
rithms.

Next, the data in each image block are transformed using the lin-
ear DCT. The transform coefficients for the image block are shown as
an image in Figure 8.5 labeled “transform coefficients.” In this image,
white means a large absolute value, and black means a low absolute
value. The coefficients are represented in the same order as the image
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features in Figure 8.4; the low-spatial-frequencies coefficients are in the
upper left of the image, and the high-spatial-frequency coefficients are
in the lower right.

In the next step, the transform coefficients are quantized. This is
one stage of the algorithm where compression is achieved. The quanti-
zation is implemented by multiplying each transform coefficient by a
scale factor between 0 and 1, rounding the result to the nearest integer,
and then dividing the result by the scale factor. If the scale factor is near
zero, then the rounding operation has a strong effect, and the number
of coefficient quantization levels is small. The scale factors for each co-
efficient are shown in the image labeled “quantization scale factor.” For
this example, I chose factors near 1 for the low-spatial-frequency terms
(top left) and factors near zero for the high-spatial-frequency terms (bot-
tom right).

The quantized coefficients are shown in the next image. Notice
that many of the quantized values are zero (black). Because there are
so many zero coefficients, the quantized coefficients are very suitable
for lossless compression. The JPEG-DCT algorithm includes a lossless
compression algorithm applied to the quantized coefficients. This rep-
resentation is used to store or transmit the image.

To reconstruct an approximation of the original image, we only
need to apply the inverse of the DCT to the quantized coefficients. This
yields an approximation to the original image. Because of the quanti-
zation, the reconstruction will differ from the original somewhat. Since
we have removed information mainly about the high-spatial-frequency
components of the image, the difference between the original and the
reconstruction is an image composed mainly of fine texture. The differ-
ence image for this example is labeled “error” in Figure 8.5.

One of the most important limiting factors in compressing images
arises from the separation of the original image into distinct blocks for
independent processing. Pixels located at the edge of these blocks are re-
constructed without any information concerning the intensity level of
the pixels that are adjacent, in the next block. One of the most impor-
tant visual artifacts of the reconstruction, then, is the appearance of dis-
tortions at the edges of these blocks, which are commonly called block
artifacts. These artifacts are visible in the reconstructed image shown in
Figure 8.5.

There are two aspects of the JPEG-DCT algorithm that connect it
with human vision. First the algorithm uses a roughly multiresolution
representation of the image data. One way to see the multiresolution
character of the algorithm is to imagine grouping together the coef-
ficients obtained from the separate image blocks. Within each block,
there are 64 DCT coefficients corresponding to the 64 image features.
By collecting the corresponding transform coefficients from each block,
we obtain a measure of the amount of each image feature within the
image blocks. Implicitly, then, the DCT coefficients define 64 images,
each describing the contribution of one of the 64 image features of the
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DCT. These implicit images are analogous to the collection of neural
images that make up a multiresolution model of spatial vision (Chap-
ter 7).6

Second, the JPEG-DCT algorithm relies on the assumption that
quantization in the high-spatial-frequency coefficients does not alter
the quality of the image features coded by low-spatial-frequency coef-
ficients. If reduced resolution of the high spatial frequencies influences
very visible features in the image, then the algorithm will fail. Hence,
the assumption that the transform yields perceptually independent fea-
tures is very important to the success of the algorithm.

The independent features in the JPEG-DCT algorithm do not con-
form perfectly to the multiresolution organization in models of human
spatial vision. High- and low-frequency components are mixed in some
of the features; components at very different orientations are also com-
bined in a single feature. These features are desirable for efficient com-
putation and implementation. In the next section, we will consider
multiresolution computations that reflect the character of human vi-
sion a bit more closely.

Image pyramids are multiresolution image representations. Their format
differs from the JPEG-DCT algorithm in several ways, perhaps the two
most important being that (a) pyramid algorithms do not segment the
image into blocks for processing, and (b) the pyramid multiresolution
representation is more similar to the human visual representation than
that of the JPEG-DCT. In fact, much of the interest in pyramid meth-
ods in image coding is born of the belief that the image-pyramid struc-
ture is well matched to the human visual encoding. This sentiment is
described nicely in Pavlidis and Tanimoto’s (1975) paper, one of the first
on the topic (p. 104):

It is our contention that the key to efficient picture analysis lies in a
system’s ability, first, to find the relevant parts of the picture quickly,
and second, to ignore (not waste time with) irrelevant detail. The retina
of the human eye is . . . structured so as to see a wide angle in a low-
resolution (“high-level”) way using peripheral vision, while simultane-
ously allowing high-resolution, detailed perception by the fovea.

The linear transformations used by pyramid algorithms have image
features comprising periodic patterns at a variety of spatial orientations,

6 There is something that may strike you as odd when you think about the JPEG represen-
tation in this way. Notice that each block contributes the same number of coefficients to
represent low-frequency information as high-frequency information. Yet from the Nyquist
sampling theorem (see Chapter 3), we know that we can represent the low-frequency in-
formation using many fewer samples than are needed to represent the high-frequency in-
formation. Why is this differential sampling rate not part of the JPEG representation? The
reason is in part due to the block coding, and in part due to the properties of the image
features.



Multiresolution Image Representations

much like human multiresolution models. Because the coefficients in
the image pyramid represent data that fall mainly in separate spatial-
frequency bands, it is possible to use different numbers of transform
coefficients to represent the different spatial-frequency bands. Image
pyramids use a small number of transform coefficients to represent the
low-spatial-frequency features and many coefficients to represent the
high-spatial-frequency features. It is this feature, namely, that decreas-
ing numbers of coefficients are used to represent high to low spatial-
frequency features, that invokes the name pyramid.

The Pyramid Operations: General Theory

Construction of image pyramids relies on two fundamental operations
that are approximately inverses of one another. The first operation blurs
and samples the input. The second operation interpolates the blurred
and sampled image to estimate the original. Both operations are lin-
ear. | will describe the pyramid operations on one-dimensional signals
to simplify notation; none of the principles change when we apply
these methods to two-dimensional images. At the end of this section,
I will illustrate how to extend the one-dimensional analysis to two-
dimensional images.

Suppose we begin with a one-dimensional input vector, go, contain-
ing n entries. The first basic pyramid operation consists of convolv-
ing the input with a smoothing kernel and then sampling the result.
The blurring and sampling go together, intuitively, because the result
of blurring is to create a smoother version of the original, contain-
ing fewer high-frequency components. Since blurring removes high-
frequency information, according to the sampling theorem we can rep-
resent the blurred data using fewer samples than the are needed for
the original. We do this by sampling the blurred image at every other
value.

As we have seen in Chapters 2 and 3, both convolution and sam-
pling are linear operations. Therefore, we can represent each by matrix
multiplication. We represent convolution by the matrix multiplication
Bogo, where the rows of By contain the convolution kernel. We repre-
sent sampling by a rectangular matrix, S, whose entries are all zeroes
and ones. The combined operation of blurring and sampling is summa-
rized by the basic pyramid matrix Py = SoBg. Multiplication of the in-
put by Py yields a reduced version of the original, g; = Pogo, containing
only half as many entries; a matrix tableau of the blurring and sampling
operator, Py, is:

Py = So By
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To create the image pyramid, we repeat the convolution and sam-
pling on each resulting image. The first operation creates a reduced im-
age from the original, g;. To create the next level of the pyramid, we
blur and sample g; to create g»; then, we blur and sample gy to create
g3, and so forth. When the input is a one-dimensional signal, each suc-
cessive level contains half as many sample values as the previous level.
When the image is two-dimensional, sampling is applied to both the
rows and the columns so that the next level of resolution contains only
one-quarter as many sample values as the original. This repeated blur-
ring and sampling is shown in matrix form in Figure 8.6.

The second basic pyramid operation, interpolation, serves as an in-
verse to the blurring and sampling operation. Blurring and sampling
transforms a vector with n entries to a vector with only n/2 entries.
While this operation does not have an exact inverse, still, we can use
g1 to make an informed guess about go. If there is a lot of spatial re-
dundancy in the input signals, our guess about the original image may
not be too far off the mark. Interpolation is the process of making an
informed guess about the original image from the reduced image. We
interpolate by selecting a matrix, call it Eg, to estimate the input. We
choose the interpolating matrix E¢ so that in general Eog; ~ go.

We can now put together the two basic pyramid operations into
a constructive sequence that we will use several times in this chapter.
First, we transform the input by convolution and sampling, g1 = Pogo-
We then form our best guess about the original using the interpola-
tion matrix, §o = Eog1 = EoPogo. The estimate go has the same size as
the original image. Finally, to preserve all of the information, we create
one final image to save the error. The error is the difference between
the true signal and the interpolated signal, eo = go — §o. This completes
construction of the first level of the pyramid.

To complete the construction of all levels of the pyramid, we ap-
ply the same sequence of operations, but now beginning with first level
of the pyramid, g;. We build a new convolution matrix, B;; we sam-
ple using the matrix, $y; we build g» = $1B1g1; we interpolate g, using

P, P, P P,

() =

l l( ) l( | ( ) 2

* & &2 l ‘;l
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8.6 A MATRIX REPRESENTATION OF THE ONE-DIMENSIONAL PYRAMID
OPERATIONS. The basic pyramid operation consists of blurring and then sampling the
signal. To create a series of images at decreasing resolution, we apply the blurring and
sampling operation repeatedly. Following each application of the pyramid operator, we
obtain a new reduced image, g;.
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a matrix Eq; and finally, we form the new error image g — §;, where
g1 = E1g2. To construct the entire pyramid we repeat the process, reduc-
ing the number of elements at each step. We stop when we decide that
the reduced image, gn, is small enough so that no further blurring and
sampling would be useful.

The pyramid construction procedure defines three sequences of sig-
nals; the series of blurred and sampled signals whose size is continually
being reduced, the interpolated signals, and the error signals. We can
summarize their relationship to one another in a few simple equations.
First, the reduced image at the ith level is created by applying the basic
pyramid operation to the previous level:

8i=Pi-1gi1 (8.2)

The estimate of the image §; is created from the lower resolution repre-
sentation by the calculation

8i=Eigin (8.3)

Finally, the difference between the original and the estimate is the error
image,

e = gi — 8i = 8i — EiPig; (8.4)

Two different sets of these signals preserve the information in the
original. One sequence consists of the original input and the sequence
of reduced signals, go, g1, 82, . . . , 8. This sequence provides a descrip-
tion of the original signal at lower and lower resolution. It contains all
of the data in the original image trivially, since the original image is
part of the sequence. This image sequence is of interest when we display
low-resolution versions of the image.

The second sequence consists of the error signals, ep, e1,...ex-1,8n
(note that gy is part of this sequence, too). Perhaps surprisingly, this se-
quence also contains all of the information in the original image. To
prove this to yourself, notice that we can build the sequence of images,
gi, from the error signals. The terms g, and e,_; are sufficient to per-
mit us to construct g,-1; gn-1 and e,_» can recover g, _», and so forth.
Ultimately, we use ep and g to reconstruct the original, go. This image
sequence is of interest for image compression (Mallat, 1989).

Pyramids: An Example

Figure 8.7 illustrates the process of constructing a pyramid. The spe-
cific calculations used to create this example were suggested by Burt and
Adelson (1983), who were perhaps the first to introduce the general no-
tion of an image pyramid to image coding.
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8.7 ONE-DIMENSIONAL
PYRAMID CONSTRUCTION.
The input signal (upper left)

is convolved with a Gaussian
kernel, and the result is
sampled. This creates a blurred
copy of the signal at lower
resolution. An estimate of

the original is created by
interpolating the low-resolution
signal, and the difference
between the original and

the estimate is saved in the
error pyramid. The process is
repeated, beginning with the
blurred copy, thus creating
series of copies of the original
at decreasing resolution (on the
left) and a series error images
(on the right). The signal at the
lowest resolution level is stored
as the final element in the error
pyramid.
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The example in Figure 8.7 begins with a one-dimensional square-

wave input, go. This signal is blurred using a Gaussian convolution Ker-
nel and then sampled at every other location; the reduced signal, g,
is shown below. This process is then repeated to form a sequence of re-
duced signals. When the convolution kernel is a Gaussian function, the
sequence of reduced signals is called the Gaussian pyramid.

To interpolate the reduced signal to a higher resolution, Burt and
Adelson proposed the following ad hoc procedure. Place the data in g;
into every other entry of a vector with the same number of entries as go.
The procedure is called up-sampling; it is equivalent to multiplying the
vector g; by the transpose of the sampling matrix, So!. Then, convolve
the up-sampled vector with (nearly) the same Gaussian that was used to
reduce the image. The Gaussian used for interpolation differs from the
Gaussian used to blur the signals only in that is is multiplied by a fac-
tor of 2 to compensate for the fact that the up-sampled vector only has
nonzero values at one out of every two locations. In this important ex-
ample, then, the interpolation matrix is equal to 2 times the transpose
of the convolution-sampling matrix,

Eo = 2Bo'So" = 2Py’ (8.5)
The interpolated signal, that is, the estimate of the higher-resolution
signal, is shown in the middle column of Figure 8.7.
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Next, we calculate the error signal, the difference between the esti-
mate and the original. The error signals are shown on the right of Fig-
ure 8.7. The sequence of error signals forms the error pyramid. As I de-
scribed above, we can reconstruct the original gy without error from the
signals ep and g;. Burt and Adelson called the error signals created by
the combination of Gaussian blurring and interpolation functions the
Laplacian pyramid.

Figure 8.8A shows the result of applying the pyramid process to a
two-dimensional signal, in this case an image. The sequence of reduced
images forming the Gaussian pyramid is shown on the top, with the
original image on the left. These images were created by blurring the
original and then representing the new data at one half the sampling
rate for both the rows and the columns. Thus, in the two-dimensional
case each reduced image contains only one-quarter the number of coef-
ficients as its predecessor.”

The sequence of error images forming the Laplacian pyramid is
shown in Figure 8.8B. Because the interpolation routine uses a smooth
Gaussian function to interpolate the lower-resolution images, the large
errors tend to occur near the edges in the image. And, because the im-
ages are mainly smooth (adjacent pixel intensities are correlated) most
of the errors are small.®

Image Compression Using the Error Pyramid

From the point of view of image compression, the sequence of images
in the Gaussian pyramid is not very interesting because that sequence
contains the original. Rather than the use the entire sequence, we might
as well just code the original. The sequence of images in the Laplacian
pyramid, however, is interesting for two reasons.

First, the information represented in the Laplacian pyramid varies
systematically as we descend in resolution. At the highest levels, con-
taining the most transform coefficients, the Laplacian pyramid repre-
sents the fine spatial detail in the image. At the lowest levels, contain-
ing the fewest transform coefficients, the Laplacian pyramid represents
low-spatial-resolution information. Intuitively, this is so because the
error image is the difference between the original, which contains all
of the fine detail, and an estimate of the original based on a slightly
blurred copy. The difference between the original and an estimate from
a blurred copy represents image information in the resolution band be-
tween the two levels. Thus, the Laplacian pyramid is a multiresolution
representation of the original image.

Second, the values of the transform coefficients in the error images
are distributed over a much smaller range than the pixel intensities in

” Therefore, in the estlmatlon phase we multiply the interpolation matrix by a factor of 4,
not 2 (i.e., Eo—4P0 ).

8In order to display the error images, which have negative coefficients, the image intensi-
ties are scaled so that black is a negative value, medium gray is zero, and white is positive.
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8.8 THE GAUSSIAN AND LAPLACIAN IMAGE PYRAMIDS. (A) The series of reduced
images that form the Gaussian image pyramid begins with the original image, on the
left. This image is blurred by a Gaussian convolution kernel and then sampled to form
the image at a lower spatial resolution and size. (B) Each reduced image in the Gaussian
pyramid can be used to estimate the image at a higher spatial resolution and size. The
difference between the estimate and the higher-resolution image forms an error image,
which in the case of Gaussian filtering is called the Laplacian pyramid. These error images
can have positive or negative values, so | have shown them as contrast images in which
gray represents zero error, while white and black represent positive and negative error,
respectively. After Burt and Adelson, 1983.

the original image. Figure 8.9A shows intensity histograms of pixels in
the first three elements of the Gaussian pyramid. These intensity his-
tograms are broad and not well suited to the compression methods we
reviewed earlier in this chapter. Figure 8.9B shows histograms of the
pixel intensities in the Laplacian pyramid. The transform coefficients
tend to cluster near zero, and thus they can be represented very effi-
ciently. The reduced range of transform coefficient values in the Lapla-
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8.9 HISTOGRAMS OF THE GAUSSIAN AND LAPLACIAN PYRAMIDS. (A) The separate
panels show the intensity histograms at each level of the Gaussian pyramid. The
intensities are distributed across a wide range of values, making the intensities difficult
to code efficiently. (B) The Laplacian pyramid coefficients are distributed over a modest
range near zero and can be coded efficiently.

cian pyramid arises because of the spatial correlation in natural images.
The spatial correlation permits us to do fairly well in approximating im-
ages using smooth interpolation. When the approximations are close,
the errors are small, and they can be coded efficiently.

There is one obvious problem with using the images in the Lapla-
cian pyramid as an efficient image representation: there are more coef-
ficients in the error pyramid than pixels in the original image. When
building an error pyramid from two-dimensional images, for example,
we sample every other row and every other column. This forms a se-
quence of error images equal to 1, /s, 116 the size of the original; hence,
the error pyramid contains 1.33 times as many coefficients as the orig-
inal (see Fig. 8.8). Because of the excess of coefficients, the error image
representation is called overcomplete. If one is interested in image com-
pression, overcomplete representations seem to be a step in the wrong
direction.

Burt and Adelson (1983) point out, however, that there is an im-
portant fact pertaining to human vision that reduces the significance
of the overcompleteness: the vast majority of the the transform coef-
ficients represent information in the highest spatial-frequency bands
where people have poor visual resolution. Therefore, we can quantize
these elements very severely without much loss in image quality. Quan-
tization is the key step in image compression, so that having most of
the transform coefficients represent information that can be heavily
quantized is an advantage.
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The ability to quantize severely many of the transform coefficients
with little perceptual loss, coupled with the reduced variance of the
transform coefficients, makes the Laplacian pyramid representation
practical for image compression. Computing the pyramid can be more
complex than the DCT, depending on the block size, but special hard-
ware has been created for doing the computation efficiently. The pyra-
mid representation performs about as well or slightly better than the
JPEG computation based on the DCT. It is also applicable to other visual
applications, as we will discuss below (Burt, 1988).

Pyramid representations that use a Gaussian convolution kernel have
many useful features, but they also have several imperfections. By ex-
amining the problematic features of Gaussian and Laplacian pyramids,
we will see the rationale for using a different convolution kernel in cre-
ating image pyramids.

The first inelegant feature of the Gaussian and Laplacian pyramids
is an inconsistency in the blurring and sampling operation. Suppose we
had begun our analysis with the estimated image, §o, rather than go.
From the pyramid-construction point of view, the estimate should be
equivalent to the original image. It seems reasonable to expect, there-
fore, that the reduced image derived from gp should be the same as
the reduced image derived from go. We can express this condition as
an equation,

g1 = Po(2Py") g1 = Pogo (8.6)

Equation 8.6 implies that the square matrix Po(2Py') must be the iden-
tity matrix. This implies that the columns of the matrix, Pp should be
orthogonal to one another.’ This is not a property of the Gaussian and
Laplacian pyramid.

A second inelegant feature of the Gaussian and Laplacian pyramid
is that the representation is overcomplete (i.e., there are more transform
coefficients than there are pixels in the original image). The increase in
the transform coefficients can be traced to the fact that we represent an
image g; with N; pixels by a reduced signal and an error signal that con-
tain more than N; coefficients. For example, we represent the informa-
tion in the ith level of the pyramid using the reduced image g;+; and
the error image e;:

gi=(2P1)gii1 + e (8.7)

 Two vectors are orthogonal when a'b = 0.
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In the one-dimensional case, the error image, e;, contains N; transform
coefficients. The reduced signal, g;,1, contains N;/2 coefficients. To cre-
ate an efficient representation, we must represent g; using N; transform
coefficients, not 1.5Nj; coefficients as in the Gaussian pyramid.

The error signal and the interpolated signal are intended to code
different components of the original input; the interpolated vector
gi = (2P;T)gi,1 codes a low-resolution version of the original, and e;
codes the higher-frequency terms left out by the low-resolution version.
To improve the efficiency of the representation, we might require that
the two terms code completely different types of information about the
input. One way to interpret the phrase “completely different” is to re-
quire that the two vectors be orthogonal, that is,

0=e;"g (8.8)

If we require that g§; and e; be orthogonal, we can obtain significant
efficiencies in our representation. By definition, we know that the in-
terpolated image §; is the weighted sum of the columns of P;!. If the
error image e; is orthogonal to the interpolated image, then the error
image must be the weighted sum of a set of column vectors that are all
orthogonal to the columns of P;T. In the (one-dimensional) Gaussian
pyramid construction, P;! has N;/2 columns. From basic linear algebra,
we know that there are (1/2)N; vectors perpendicular to the columns
of P;T. Hence, if g; is orthogonal to e;, we can describe both of these
images using a total of only N; transform coefficients, and the represen-
tation will no longer be overcomplete.

What conditions must be met to insure that e; and g are orthog-
onal? By substituting Equations 8.2, 8.3 and 8.4 into Equation 8.8, we
have

0=e;'g =[g] 2P;)P;1[(2P;")P;g; — gi]
= {g] 2P;")[P;(2P;")1P;gi} — [g] 2P;")P;igi]  (8.9)

If the rows of P; are an orthogonal set, then by appropriate scaling we
can arrange it so that P;(2P;") is equal to the identity matrix. In that
case, the final term in Equation 8.9 simplifies, and we have

e'g; = [gi"(2P;")P;g;] — [g"(2P;")Pig;] =0 (8.10)

thus guaranteeing that the error signal and the interpolated estimate
will be orthogonal to one another. For the second time, then, we find
that the orthogonality of the rows of the pyramid matrix is a useful
property.

We can summarize where we stand as follows. The basic pyramid
operation has several desirable features. The rows within each level of
the pyramid matrices are shifted copies of one another, simplifying the
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calculation to nearly a convolution; the pyramid operation represents
information at different resolutions, paralleling human multiresolu-
tion representations; and the rows of the pyramid matrices are local-
ized in space, as are receptive fields, yet they are not sharply localized
as the blocks used in the JPEG-DCT algorithm. Finally, from our criti-
cisms of the error pyramid, we have added a new property we would
like to have: the rows of each pyramid matrix should be an orthogonal
set.

We have accumulated an extensive set of properties we would like
the pyramid matrices, P;, to satisfy. Now, one can have a wish list, but
there is no guarantee that there exist any functions that satisty all our
requirements. The most difficult pair of constraints to satisfy is the com-
bination of orthogonality and localization. For example, if we look at
convolution operators alone, there are no convolutions that are simul-
taneously orthogonal and localized in space.

Interestingly, there exists a class of discrete-valued functions, called
quadrature mirror filters (QMF’s) that satisfy all of the properties on
our wish list (Esteban and Galand, 1977; Vetterli; 1988; Simoncelli and
Adelson, 1990). The QMF pair splits the input signal into two orthog-
onal components. One of the filters defines a convolution kernel that
we use to blur the original image and obtain the reduced image. The
second filter is orthogonal to the first and can be used to calculate an ef-
ficient representation of the error signal. Hence, the QMF pair splits the
original signal into coefficients that define the two orthogonal terms,
g: and e;; Each set of coefficients has only n/2 terms, so the new rep-
resentation is an efficient pyramid representation. Figure 8.10 shows
an example of a pair of QMF’s. The function shown in Figure 8.10A is
the convolution kernel that is used to create the reduced images, g;.
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8.10 A QUADRATURE-MIRROR-FILTER PAIR. One can use these two functions

as convolution kernels to construct a pyramid. Convolution with the kernel in (A)
followed by sampling produces the transform coefficients in the set of reduced signals.
Transformation by the kernel in (B) followed by sampling yields the transform coefficients
of the error pyramid. Source: Simoncelli, 1988.
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The function in Figure 8.10B is the convolution kernel needed to cal-
culate the transform coefficients in the error pyramid directly. When
the theory of these filters is developed for continuous, rather than dis-
crete, functions the convolution kernels are called orthogonal wavelets
(Daubechies, 1992).

The discovery of QMF’s and orthogonal wavelets was a bit of a sur-
prise. It is known that there are no nontrivial convolution kernels that
are orthogonal; that is, no convolution matrix, B;, satisfies the property
that B;B] = I. Hence, it was surprising to discover that convolution ker-
nels do exist for the pyramid operation, which relies so heavily on con-
volution, and can satisfy P;P;T = 1.

Quadrature mirror filters and orthogonal wavelets have many fas-
cinating properties and are an interesting area of mathematical study.
They may have significant implications for compression because they
remove the problem of having an overcomplete representation. But, it
is not obvious that once quantization and correlation are accounted for
that the savings in the number of coefficients will prove to be signif-
icant. For now, the design and evaluation of QMF’s remains an active
area of research in pyramid coding of image data.

The statistical properties of natural images make multiresolution rep-
resentations efficient. Were efficiency a primary concern, the visual
pathways might well have evolved to use the multiresolution format.
But there is no compelling reason to think that the human visual Sys-
tem, with hundreds of millions of cortical neurons available to encode
the outputs of a few million cone photoreceptors, was subject to very
strong evolutionary pressure to achieve efficient image representations.
Understanding the neural multiresolution representation may be help-
ful when we design image-compression algorithms, but it is unlikely
that neural multiresolution representations arose to serve the goal of
image compression alone.

If multiresolution representations are present in the visual path-
ways, what other purpose might they serve? In this section, I will spec-
ulate about how multiresolution representations may be a helpful com-
ponent of several visual algorithms.

Image Blending

Imagine blending refers to methods for smoothly connecting several ad-
jacent or overlapping images of a scene into a larger photomosaic (Mil-
gram, 1975; Carlbom, 1994). There are several different reasons why we
might study the problem of joining together several pieces of an image.
For example, in practical imaging applications we may find that a cam-
era’s field of view is too small to capture the entire region of interest. In
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this case we would like to blend several overlapping pictures to form a
complete image.

The human visual system also needs to blend images. As we saw in
the early chapters of this volume, spatial acuity is very uneven across
the retina. Our best visual acuity is in the fovea, and primate visual sys-
tems rely heavily on eye movements to obtain multiple images of the
scene. To form a high-acuity representation of more than the central
few degrees, we must gather images from a sequence of overlapping eye
fixations. How can the overlapping images acquired through a series of
eye movements be joined together into the single, high-resolution rep-
resentation that we perceive?

Burt and Adelson (1983b) showed that multiresolution image rep-
resentations offer a useful framework for blending images together. We
can see some of the advantages of a multiresolution image-blending by
comparing the method with a single-resolution blend. I will begin by
defining a simple method of joining the two pictures, based on a single-
resolution representation. Suppose we decide to join a picture on the
left L(x, ) and a picture on the right R(x, y). We will blend the im-
ages by mixing their intensity values near the border where they join. A
formal rule for blending the image data must specify how to combine
the data from the two images. We do this using a blending function,
call it b(x, y), whose values vary between 0 and 1. To construct our
single-resolution blending algorithm we form a mixture image from the
weighted average

M(x,y)=b(x,v)L(x,y) +[1-b(x,y)IR(x,y) (8.11)

Consider the performance of such a single resolution blend on the pair
of simulated astronomical images in Figure 8.11. The two images were
created to simulate images obtained of a starry sky. The images contain
three distortions that are common amongst images that we might wish
to blend.

First, the images contain two kinds of objects (stars and clouds)
with very different types of spatial structure. The spatial structure of the
clouds is represented mainly by low spatial frequency terms while each
star is represented by spatial frequency terms at all frequencies. Second,
the images have different mean intensity levels (Figure 8.11A is brighter
than Figure 8.11B), perhaps due to a change in the sensitivity of the
film or the ambient illumination. Third, the images are slightly shifted
in the vertical direction as if the camera position had changed between
the times when the two pictures were taken.

The most trivial, and rather ineffective, way of joining the two im-
ages is shown in panel C. In this case the two images are simply divided
in half and joined at the dividing line. Simply abutting the two images
is equivalent to choosing a function s(x, y) equal to

1 ifx<m
b(x,y) = {O otherwise (8.12)
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8.11 A COMPARISON OF SINGLE-RESOLUTION AND MULTIRESOLUTION IMAGE-
BLENDING METHODS. The images in (A) and (B) have slightly different mean intensity
levels and are translated vertically. (C) The result of abutting the right and left halves
of the images; (D) spatial averaging over a small distance across the image boundary;
(E) spatial averaging over a large distance across the image boundary; (F) the
multiresolution blend. From Burt and Adelson, 1983.

where m is the midpoint of the image, 256 in this case. This smoothing
function leads to an obvious artifact at the midpoint because of the dif-
ference in mean gray level.

We might use a less drastic blending function for b(x, y). For ex-
ample, we might choose a function that varied as a linear ramp over
some central width of the image:

1 ifx<m-w
bx,)=41-"Y ifm-w<x<m+w (8.13)
0 otherwise

Using a ramp to join the images blurs the image at the edge, as illus-
trated in panels D and E of Figure 8.11. In panel D the width parame-
ter of the linear ramp, w, is fairly small. When the width is small the
edge artifact remains visible. As the width is broadened, the edge arti-
fact is removed (panel E), and elements from both images contribute
to the image in the central region. At this point the vertical shift be-
tween the two images becomes apparent. If you look carefully in the
central region, you will see double stars shifted vertically one above
the other. Image details that are much smaller than the width of the
ramp appear in the blended image, and they appear at their shifted lo-
cations. The stars are small compared to the width of the linear ramp,
so the blended image contains an artifact due to the shift in the image
details.
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Multiresolution representations provide a natural way for combin-
ing the two images that avoids some of these artifacts. We can state the
multiresolution blending method as an algorithm:

1. Form the pyramid of error images for L and R.

2. Within each level of the pyramid, average the error images with
a blend function, b(x, y). A simple ramp function, as in Equa-
tion 8.13 with w = 1, will do as the blend function.

3. Compute the new image by reconstructing the image from the
blended pyramid of error images.

The image in panel F of Figure 8.11 contains the results of applying
the multiresolution blend to the images. The multiresolution algorithm
avoids the previous artifacts because, by averaging the two error pyra-
mids, two images combine over different spatial regions in each of the
resolution bands. Data from the low-resolution level are combined over
a wide spatial region of the image, while data from the high-resolution
levels are combined over a narrow spatial region of the image.

By combining low-frequency information over large spatial regions,
we remove the edge artifact. By combining high-frequency information
over narrow spatial regions, we reduce the artifactual doubling of the
star images to a much narrower spatial region.

Burt and Adelson (1983b) also describe a method of blending im-
ages with different shapes. Figure 8.12 illustrates one of their amusing
images. They combined the woman’s eye shown in panel A and the
hand shown in panel B into the single image shown in panel D. The
method for combining images with different shapes is quite similar to
the algorithm described above. Again, we begin by forming the error
images e; for each of the two images. For the complex region, however,
we must find a method to define a blend function s;(x, ), appropriate
for combining the data at each resolution of the pyramid over these dif-
ferent shapes. Burt and Adelson have a nifty solution to this problem.
First build an overlay image that defines the location where the second
image is to be placed over the first, as in panel C of Figure 8.12. Then,
build the pyramid of reduced images, g;, corresponding to the overlay
image. Finally, use the elements of the image sequence g; to define the
blend functions for combining the images at resolution e;.

Progressive Image Transmission

For many devices, transmitting an image from its stored representation
to the viewer can take a noticeable amount of time. In some of these
cases, transmission delays may hamper one’s ability to perform a task.
Suppose you are scanning through a database for suitable pictures to use
in a drawing, or are checking a photo directory to find the name of a
person who recently waved hello. You may have to look through many
pictures before finding what you are looking for. If there is a consider-
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(A) (B)

© D)
8.12 IMAGE BLENDING

of two regions with arbitrary
shapes. (A) An image of part

of a human face. (B) An image
of a human hand. (C) This
binary image represents the
area in panel (A) that contains
the eye. The Gaussian pyramid
of this binary image is used in
the multiresolution blend of the
hand and eye images. (D) The
multiresolution blend of the
hand and the eye. Source: Burt
and Adelson, 1983.

able delay before you see each picture, the task may become irritating; if
there is too much delay, you may simply decide not to bother.

Multiresolution image representations are natural candidates to im-
prove the rate of image transmission and display. The reconstruction
of an image from its multiresolution image proceeds through several
stages. The representation stores the error images e; and the lowest re-
duced image gn. We reconstruct the original by computing a set of
reduced images, g;. These reduced images are rough approximations of
the original, at reduced resolution. They are represented by fewer bits
than the original image, so they can be transmitted and displayed much
more quickly. We can make these low-resolution images available for
the observer to see during the reconstruction process. If the observer is
convinced that this image is not worth any more time, then he or she
can abort the reconstruction and go on to the next image. This offers
the observer a way to save considerable time.

We can expand on this use of multiresolution representations by al-
lowing the observer to request a low-resolution reconstruction, say at
level g, rather than a full representation at level go. The observer can
choose a few of the low-resolution images for viewing at high resolu-
tion. Multiresolution representations are efficient because there is little
wasted computation. The pyramid reconstruction method permits us to
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use the work invested in reconstructing the low-resolution image to re-
construct the original at full resolution.

The engineering issues that arise in progressive image transmission
may be relevant to the internal workings of the human visual system.
When we call up an image from memory, or sort through a list of re-
called images, we may wish to see low-resolution images rather than
reconstruct each image in great detail. If the images are stored using
a multiresolution format, our ability to search efficiently through our
memory for images may be enhanced.

Threshold and Recognition

Image-compression methods link visual sensitivity measurements to an
engineering application. This makes sense because threshold sensitiv-
ity plays a role in image compression; perceptually lossless compression
methods, by definition, tolerate threshold-level differences between the
reconstructed image and the original.

For the applications apart from compression, however, sensitivity is
not the key psychological measure. Since low-resolution images do not
look the same as the high-resolution images, sensitivity to differences is
not the key behavioral measure. To understand when progressive image-
transmission methods work well, or which low-resolution version is the
best approximation to a high-resolution version of an image, we need
to be informed about which multiresolution representations permit
people to recognize quickly or search for an item in a large collection
of low-resolution images quickly. Just as the design of multiresolution
image-compression methods requires knowing visual sensitivity to dif-
ferent spatial-frequency bands, so too multiresolution methods for pro-
gressive image transmission require knowing how important different
resolution bands will be for expressing the information in an image.

As we study these applications, we will learn about new proper-
ties of human vision. To emphasize some of the interesting properties
that can arise, I will end this section by reviewing a perceptual study
by Bruner and Potter (1964). This study illustrates some of the coun-
terintuitive properties we may discover as we move from threshold to
recognition studies.

Bruner and Potter studied subjects’ ability to recognize common
objects from low-resolution images. Their subjects were shown objects
using slides projected onto a screen. In 1964 low-resolution images were
created much more quickly and easily than today; rather than requiring
expensive computers and digital framebuffers, low-resolution images
were created by blurring the focus knob on the projector. Bruner and
Potter compared subjects’ ability to recognize images in a few ways. I
want to abstract two key observations from their results.10

10There are a number of important methodological features of the study I will not re-
peat here, and I encourage the reader to return to the primary sources to understand more
about the design of these experiments.



Multiresolution Image Representations

Figure 8.13 illustrates three different measurement conditions. Ob-
servers in one group saw the image develop from very blurry to only
fairly blurry over a two-minute period. At the end of this period the
subjects were asked to identify the object in the image. They were cor-
rect on about a quarter of the images. Observers in a second group only
began viewing the image after 87 seconds. They first saw the image at a
somewhat higher resolution, but then they could watch the image de-
velop for only about a half minute. The difference between the second
group and the first group, therefore, was whether they saw the image
in a very blurry state during the first 87 seconds. The second group
of observers performed substantially better, recognizing the object 44
percent of the time, rather than 25 percent. Surprisingly, the initial
87 seconds of viewing the image come into focus made the recogni-
tion task more difficult. A third group was also tested. This group only
saw the image come into focus during the last 13 seconds. The third
group did not see the first 107 seconds as the image came into focus.
This group also recognized the images correctly about 43 percent of the
time.

Seeing these images come into focus slowly made it harder for the
observers to recognize the image contents. Observers who saw the im-
ages come into focus over a long period of time formulated hypotheses
as to the image contents. These hypotheses were often wrong and ulti-
mately interfered with their recognition judgments.

To illustrate the same phenomenon in a different way, Bruner and
Potter showed one group of observers the image sequence coming into
focus and a second group the same image sequence going out of fo-
cus. This was the same set of images, shown for the same amount of
time; the difference between the stimuli was the time-reversal. Subjects
who saw the images come into focus recognized the object correctly 44
percent of the time. Subjects who saw the image going out of focus
recognized the object correctly 76 percent of the time. Seeing a low-
resolution version of an image can interfere with our subsequent ability
to recognize the contents of an image.
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8.13 THE EXPERIMENTAL VIEWING
CONDITIONS USED BY BRUNER AND
POTTER IN THEIR RECOGNITION
EXPERIMENT. One group saw the picture
come into focus slowly and continuously
over a period of 122 seconds. A second
group saw nothing for 87 seconds and
then watched the remainder of the image
come into focus. The final group only

Group 2 Group 3 saw the image after the first 107 seconds.
Surprisingly, the group that watched the
image come into focus for the full 122
60 20 seconds had the lowest recognition rate.

Time (seconds)

Source: Bruner and Potter, 1964.
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You should not draw too strong a conclusion from this study about
the problems progressive image enhancement will create. There are a
number of features of this particular experiment that make the data
quite unlike applications we might plan for progressive image transmis-
sion. Most important, in this study subjects never saw very clear images.
At the best focus, only half of the subjects recognized the pictures at all.
Also, the durations over which the images developed were quite slow,
lasting minutes. These conditions are sufficiently unlike most planned
applications of progressive image transmission that we cannot be cer-
tain that the results will apply. I have presented the results here to em-
phasize that, even after the algorithms are in place, human testing will
remain an important element of the system design.

1. Answer these questions concerning the relations between image
compression algorithms and visual perceptions.

(a) What factors make it possible to achieve large compression ratios with
natural images?

(b) What properties of the human optics are important for compression?
Do these have any implications for compression of color images?

(¢) The neuron doctrine states that a stimulus that generates a strong
neural response defines what the neuron codes, usually called the
neuron’s trigger feature. In this chapter we have defined the image
feature corresponding to a transform coefficient. How does the
definition we have used in this chapter compare with the definition of
a feature used in the neuron doctrine? Explain how the definition in
this chapter could be stated in terms of a physiological hypothesis.

(d) There are certain properties, such as shadows and surface curvature,
that are common across many different images. How might one take
advantage of the properties of the image-formation process to design
more efficient image compression algorithms?

2. There are two ways in which compression can be useful. One is
for representing the physical image efficiently. A second reason
to compress image data is to obtain a form that is efficient for
subsequent visual calculations of motion, color, and form. Answer
the following questions relating these two aspects of image
compression.

(a) Make a hypothesis about where in the visual pathways you would

make a master representation of the input data, and how other cortical
areas might retrieve data from this site.

(b) What properties would be computed by the separate cortical areas?

(¢) What properties would define an efficient central representation of
visual information?

(d) How would you test your hypotheses with physiological or behavioral
experiments?
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3. Answer these questions about the JPEG-DCT image compression
algorithm and image pyramids.
(a) Describe the JPEG-DCT computation in terms of convolution and
sampling.
(b) What is the main difference between the JPEG-DCT convolu-

tion/sampling process and the image pyramid convolution/sampling
process?

(c) At what stage is information lost in compression algorithms?

(d) Why is it better to quantize the DCT coefficients rather than the
individual pixels?

4. Here are some specific formulas concerning the DCT. Suppose that
the data in an image block are given by p(j, k). The DCT formula is

~1n-1
P(u,v) = c(v Z > pGk)
Jj=0 k=0

((2j+1)un) ((2k+1)vrr>
S| ———— Jcos | ————

n 2n

where P(u,v) are the transform coefficients and c¢ is a normalizing
function defined as

1 otherwise

Answer the following questions about the DCT.
(a) Prove that the inverse of the DCT is

n-1n-1
pU. k)= > > cwe(w)P(u,v)
u=0v=0
((2j+1)un) ((2k+1)vn)
os| —— "~ | cos | ——L—
2n 2n

(Notice that, except for a scale factor, this formula is nearly the same
as the forward DCT formula. Because of this, we say that the DCT is
self-inverting .)

(b) The DCT is separable with respect to the rows and columns of the input
image block. This means that we can express the DCT calculation as a
matrix product D;PD. where the matrix P represents the image data,
p(J, k), and the matrices D; and D, represent the DCT transformation.
Create the matrices D; and D.. How are they related?

5. Separability and circular symmetry are desirable properties. There is
only one function that is both separable and circularly symmetric.
What is it? Prove the result.



